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Abstract 

QJT (Quantum Jet Theory) is the quantum theory of jets, which 
can be canonicaUy identified with truncated Taylor series. Ultralocal- 
ity requires a novel quantization scheme, where dynamics is treated as 
a constraint in the history phase space. QJT differs from QFT since 
it involves a new datum: the expansion point. This difference is sub- 
stantial because it leads to new gauge and diff anomalies, which are 
necessary to combine background independence with locality. Physi- 
cally, the new ingredient is that the observer's trajectory is explicitly 
introduced and quantized together with the fields. In this paper the 
harmonic oscillator and free fields are treated within QJT, correcting 
previous flaws. The standard Hilbert space is recovered for the har- 
monic oscillator, but there are interesting modifications already for the 
free scalar field, due to quantization of the observer's trajectory. Only 
free fields are treated in detail, but the complications when interac- 
tions are introduced are briefly discussed. We also explain why QJT 
is necessary to resolve the conceptual problems of quantum gravity. 



PACS (2003): 03.65.Ca, 03.70.-Fk, ll.lO.Ef. 
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1 Introduction 



MCCQ (manifestly covariant canonical quantization) is a novel quantization 
scheme, first proposed in [9]. As the name indicates, this is a canonical 
quantization method which maintains manifest covariance at all levels. This 
is achieved through two inventions: 

1. Dynamics is regarded as a constraint in the phase space of arbitrary 
histories, which allows us to apply powerful cohomological methods. 

2. All fields are expanded in a Taylor series around an operator-valued 
curve, which is naturally identified as the observer's trajectory in 
spacetime. Hence all fields are replaced by their jets, which motivates 
the name Quantum Jet Theory (QJT). 

The first invention is mainly technical. Manifest covariance greatly sim- 
plifies the understanding of constrained systems, in particular general rel- 
ativity. Since the covariant constraint algebra is the spacetime diffeomor- 
phism algebra rather than the Dirac algebra, we can profit from its projective 
representation theory developed in [7, 15]. The outstanding lesson from this 
theory is that in order to construct quantum representations of the diffeo- 
morphism algebra, we must introduce and quantize the observer's trajectory. 
In an ultralocal theory like QJT, dynamics must be formulated without ref- 
erence to nonlocal integrals; this is further discussed in subsection 10.1. The 
history-orientated approach has this crucial property. 

In constrast, the second invention is physically important. When re- 
placing fields by their Taylor expansions, we introduce a new datum: the 
expansion point (or rather the expansion curve). This makes it possible 
to write down new extensions of the algebras of gauge transformations and 
diffeomorphisms, generalizing affine and Virasoro algebras to higher dimen- 
sions. The relevant cocycles are functionals of the observer's trajectory, 
which explains why they cannot be formulated within QFT proper, where 
this trajectory has not been introduced. Gauge and diff anomalies in QFT 
were classified long ago [1], leaving no room for new ones. The fact that 
we do find new anomalies shows that QJT is substantially different from 
QFT. This should be a good thing, because we know that QFT is incom- 
patible with gravity, and QJT may lack this defect. Nevertheless, QJT is 
close to QFT, in the same sense as a Taylor series is close to the function 
to which it converges. Therefore, we expect QJT to inherit the pragmatic 
successes of QFT. The relation between QJT and QFT, and why the for- 
mer are necessary to formulate a consistent quantum theory of gravity, are 
further discussed in section 10. 
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Before we can have confidence in a new quantization method, we must 
first verify that it reproduces the correct answers to well-understood prob- 
lems. MCCQ, as formulated in [9], fails this test already for the harmonic 
oscillator. There were two major flaws in that paper: there are spurious 
states which are not removed in cohomology, and no inner product was de- 
fined. The purpose of the present paper is to correct these errors. We show 
here that the corrected version of MCCQ reproduces the correct spectrum 
and inner product of the harmonic oscillator, and more generally of any free 
theory, without any overcounting of states. The ingredients missing in [9] 
are additional constraints, which remove remaining antifields and identify 
momenta and velocities. 

Unfortunately, the additional constraints which eliminate the spurious 
cohomology also break manifest covariance, and hence covariance is only re- 
covered in a weaker form. This is explained in subsection 10.2. The BRST 
operator Q = Qd + Qm consists of two parts. The momentum part Qm 
violates covariance, but the dynamics part Qd does not; it commutes with 
Poincare transformations, and in the general-covariant context with space- 
time diffeomorphisms. Hence covariance is maintained in the sense that 
H^{Qd) carries a representation of the covariance algebra. Such representa- 
tions were constructed in [9, 10, 11, 12]; the main error in those papers was 
that Qm was not considered. However, H'^{Qd) is not a Hilbert space, be- 
cause there is no interesting inner product before the momentum constraint 
has been imposed. 

An important difference between QJT and QFT is that in the former, 
the relevant covariance algebras, e.g. gauge or diffeomorphism algebras, act 
in a well-defined manner at the quantum level. After quantization, the his- 
tory phase space TiV and the classical cohomology H^i{Q]j) turn into linear 
spaces which carry projective, lowest-energy representations of the relevant 
algebras. Indeed, it is this property which dictates the form of QJT, since 
it grew out of the representation theory of the extended diffeomorphism 
algebra (multi-dimensional Virasoro algebra), developed in [7, 15]. As is 
well-known from low-dimensional models, in particular from lineal gravity 
[6] , a detailed understanding of how the gauge symmetries act on the quan- 
tum level is crucial for a correct treatment. This is only possible within 
QJT. 

History methods have previously been considered by Isham, Savvidou 
and coworkers [5, 17], and jet space formalism has been employed by Sar- 
danashvily [16]. There might be some overlap between their works and the 
present paper. However, they do not cover the most important aspects of 
QJT, namely the identification of the expansion point with the observer's 
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position and the appearence of new anomalies. 

This paper is organized as follows. Section 2 contains a list of notation. 
The harmonic oscillator is treated in section 3, and it is verified that we 
recover the correct Hilbert space with the correct inner product. Section 4 
deals with the free particle, which is important in QJT because it applies 
to the observer's trajectory. In section 5 the method is extended to the free 
scalar field, and again we recover the correct results. However, despite the 
Lorentz invariance of the final results, we are forced to introduce a privileged 
vector in the time direction, which we identify as the observer's 4-velocity. 
To eliminate the last remnants of non-covariance, we must introduce Quan- 
tum Jet Theory. In section 6, QJT is applied to the harmonic oscillator, and 
the correct results are again recovered. In section 7, QJT is applied to the 
free scalar field. Unlike the situation for the harmonic oscillator, we here see 
some deviations from the QFT treatment. This is partly expected because 
QJT amounts to a p-jet regular ization of the fields, but some new phenom- 
ena survive the p — > oo limit, especially reparametrization anomalies. In 
section 8, we treat the free Maxwell field within QJT. The new ingredients 
here are gauge symmetries, which are neatly incorporated into the cohomo- 
logical implementation of dynamics. Although the treatment of interactions 
is deferred to a later paper, we briefly indicate in section 9 how they mod- 
ify the formalism. The final section 10 contains a general discussion of the 
philosophical issues raised by QJT, in particular regarding quantum gravity, 
and directions for future work. 



2 List of notation 



fi, V Spacctimc index 

a, (5,'^ History index 

a, 6, c Gauge index 

u,TX!,v Solution index 

M = (Ml , . . . , M<i) , AT Multi-index 



t 
k 



X' 



X = X 



.0 



Spacetime coordinate 
Time coordinate in QM 

Parameter along observer's trajectory 



m 



Fourier variable matching 
Fourier variable matching x 
Fourier variable matching t 
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(f){x) , (f){k) Spacetime field (history) 

7r(a:), 7r(A;) History momentum 

(j)* (x) , (p* (k) Dynamics antifield 

7r*(a;), 7r*(A;) Dynamics antifield momentum 



q^{t) Observer's trajectory (free particle) 

Pij.{t) Observer's momentum 

q*{t),p*(t) Associated antifields 

<f>M{t),<f>M{'m') Jet corresponding to (f){x) 

ttm (t) , ttm {nT') Jet momentum 

(/>^ (t) , (/)^ (m) Antijet (dynamics) 

7r|^(t), 7r^(m) Antijet momentum (dynamics) 

4>M{t),4'M{'m) Antijet (time) 

TTM (^) , TTM ('Ti) Antijet momentum (time) 

(j)\j{t)^(j)\j{m) Antijet (dynamics+time) 

Tt\j{t),Tt\j{m) Antijet momentum (dynamics+time) 



£{x),£k Dynamics constraint 

M{x),Mk Momentum constraint 

£M{t)-,£M{'ni) Dynamics constraint jet 

M.M{t), M-Mifn) Momentum constraint jet 

Tm (t) , Tm {m) Time constraint jet 

TZM{t),'J^Mifn) Dynamics+time constraint jet 

Q) Qtot Total BRST operator 

Qd,Qt,Qm--- Partial BRST operators 

Ti. Hamiltonian 

TiV History phase space 

HV* Extended history phase space 

V Physical phase space 

H^liQ) = C{V) Classical cohomology 

= Hg^{Q) Hilbert space (state cohomology) 

^opiQ) Space of physical operators (operator cohomology) 



3 The harmonic oscillator 

3.1 Conventional canonical quantization 

For consistency with later developments, we denote the time coordinate by 
X (to be thought of as x^) and the oscillator degree of freedom by ^(x). The 
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action 



S = \j dx (</>'(x)2-a;2^(x)2), (3.1) 



where (f)' = d(f)/dx, leads to the Euler-Lagrange (EL) equation 

Six) ^ = rix) + u^cPix) = 0. (3.2) 

In the Hamiltonian formaHsm, we introduce canonical momenta 

7r(x) = cj>'{x), (3.3) 

subject to the equal-time commutation relations 

[d^ix), 7r(x)] = i, [4>{x),(l^{x)] = [7r{x), 7r{x)] = 0. (3.4) 

The phase space V is spanned by pairs of variables (0, tt). The time evolution 
of any function F{^, it) over V is governed by Hamilton's equations of motion 
F'{x) = i[H,F{x)], where the time-independent Hamiltonian is 

n = ^(tt'+co'^'). (3.5) 

In particular, 

(p'ix) = Tr{x), tt'{x) = -u'^(t>{x), (3.6) 

which is equivalent to the EL equation (3.2). 

Alternatively, we can choose a basis in V of annihilation and creation 
operators, 

1 1 

{ojcj) + in), = —^={uj(l) — m). (3.7) 



'2uj V2a; 
They satisfy canonical commutation relations (CCR) 

[a,a)] = l. (3.8) 
In terms of these variables, the Hamiltonian (3.5) becomes 

n = u^a^a, (3.9) 
and time evolution is simply given by 

a'{x) = —iuja{x), (a^)'(x) = iua){x). (3.10) 
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The creation and annihilation operators thus carry energy u and —a;, re- 
spectively, i.e. 

[H, a^] = uo), [n, a] = -ua. (3.11) 

To quantize the theory, we introduce a vacuum state [O), which is anni- 
hilated by all annihilation operators, i.e. a|0) = 0. A basis for the Hilbert 
space is given by the n-quanta states 

|n) = ^(at)-|0). (3.12) 



|n) is an eigenvector of the Hamiltonian with energy nuj: 

7^|n) = na;|n). (3.13) 



<n| = -^Ma^ (3.14) 



Dually, we define 



If we choose normalization such that (0|0) = 1, the inner product in the 
Hilbert space is 

(m|ra) = 5mn, (3.15) 
which obviously is positive-definite. 



3.2 History phase space 

Let us now explain how to recover this well-known story by treating dynam- 
ics as a constraint in the history phase space. Introduce virtual histories 
4>{x) with canonical momenta 7r(x) = —i6/d4>{x), subject to the Heisenberg 
algebra 

[(^(x), 7r(x')] = iSix - x'), [(j){x),(p{x')] = [^(z), 7r(x')] = 0. (3.16) 

Note that these brackets vanish whenever x ^ x'; (3.16) are the CCR in 
history phase space HV, which has the basis {(p{x),n{x))xeR- T^T^ has an 
alternative basis of Fourier modes {(t>kj''^k)j in terms of which the CCR be- 
come 

[0fc,vrfc'] = i5k+k', [<PkAk'] = [TTfcjVTfe'] = 0. (3.17) 
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To avoid problems with the continuum hmit, we assume for the time being 
that the Fourier variable /c G Z is discrete, and that zto; G Z; the continuum 
case is discussed in subsection 3.7 below. The EL equation (3.2) clearly has 
two solutions, (j)^^ and ^-uj, which correspond to the solutions in real space 

m = </.,e^--+<^_,e-^-^ 

It is clear that the history phase space HV is vastly larger than the 
usual phase space V; the former has dimension 2 x oo and the latter has 
dimension 2. To properly describe the harmonic oscillator in TCP, we must 
thus eliminate all but two of these 2 x oo variables. The strategy for doing 
this is to view dynamics as a constraint in the history phase space. The EL 
equations (3.2) become the dynamics constraint, 

£k = {k^ - io^)<j)k ~ 0, (3.19) 

and the definition of momentum becomes the momentum constraint 

Mk = T^k- ik(f>k ~ 0. (3.20) 

As usual, wiggly equality signs indicate equality modulo constraints. and 
Mk are collected into the constraint vector 

»^ff')^f<^-r>) (3.21) 



with Poisson-bracket matrix 

Afefc' = [xk,Xk'] = (^_^^j^2_^2^ ^^"^^^ 

Afcfc/ clearly has a block diagonal form, so we may consider each {k,—k) 
pair separately. For k ^ ±a;, the matrix is non-singular and the constraint 
Xfc ~ is second class. We can then define Dirac brackets 

[F,Gr = [F,G]-Y.Y1 [F,Xk]^"''[Xk',G], (3.23) 

k k' 

where A*^^' is the inverse of Akk', and eliminate the constraints. This leads 

to ^/j TTfc 0. 
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For k = ±L0 the dynamics constraint = S-^j vanishes, (3.22) is singu- 
lar, and we can only impose the momentum constraints M,^ ~ M-uj ~ 0. 
The non-singular part of the Poisson bracket matrix is now 

A^,^^ = [M^,M-^] = 2lo. (3.24) 

The corresponding Dirac brackets commute with the momentum constraints, 

and we may eliminate two of the four variables (f>u , (f>—i^ , TTuijiT-u! in terms of 
the two others. Denote the independent solutions by 



2uj \ 

(3.25) 

1 12 



2uj \ oj 

Since [0^^,, a-^^] = —1, we can identify a^^ = , a-u> = o-, where a and a} are 
defined as in (3.7). 

The Hamiltonian in TCV is simply the generator of rigid time translations, 

i.e. 

/oo 
dx (j)' {x)'it{x) = ikcpkTT^k. (3.26) 

k=—oo 

On the constraint surface, 

H ^ iui{(j)ojTT-ui — 4>-ojT^u>) = oja^a-^, (3.27) 
which of course is the same as (3.9). 



3.3 Cohomological description I 

In the previous section we described the harmonic oscillator as a constrained 
system in the history phase space, and then recovered the standard formu- 
lation by eliminating these second-class constraints. By itself, this amounts 
to nothing. The advantage of this viewpoint is that it suggests a different 
procedure: divide the constraints into two sets, and regard one set as a first 
class constraint and the other as a gauge fixation. This allows us to employ 
powerful cohomological (BRST) methods. 

The division of the constraints into first class and gauge conditions is 
not unique, and will be done in different ways. In this subsection we deal 
with a corrected version of the method presented in [9], and in subsections 
3.5 and 3.6 we introduce other cohomological descriptions. 
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To eliminate the unphysical variables in cohomology, we introduce fermi- 
onic antifields 0^ with canonical momenta tt^, subject to the canonical anti- 
commutation relations (CAR) 

{rk,K'} = Sk+k', = = 0. (3.28) 

Denote the the extended history phase space by HT*, and the space of 
functions over it by C{HV*) = C((/>, (/>*, vr, tt*). The dynamics constraint is 
implemented by the BRST charge Q = Qd, 

oo oo 

Qd= ^kT^'-k = E - '^^)<t>kT^-k, (3.29) 

A;=— oo fe=— oo 

which acts as 5dF = [Qd-,F]: 

5D4>k = 5DT^k = iik"^ - '^^)7I"fc, 

^D</>fe = {k'^ - a;^)(^fe, SdttI = 0. 



(3.30) 



Let us fix /c 7^ ztw, so fc^ — cj^ / 0. It is clear that ker So consists 
of (pk and vr^, because S]j7rk and S£i(l)1 arc nonzero. However, both 0^ = 
(5d(^^/(/>;^ — (j^)) and tt^ = —i5D{T^k/{k^ — '^^)) are exact, and hence all four 
variables ^fc, TTfc and tt^ vanish in cohomology. 

In contrast, when A;^ — a;^ = 0, 

5D(t>ui = ^DT^u) = SD<f>lj = ^DVT* =0, 

Hence the cohomology groups are generated by all eight variables with 
k = ztw. This is clearly an overcounting, because we know that the cor- 
rect phase space is generated by only two variables a and a) (3.7). It was 
argued in [9] that this overcounting would disappear when interactions are 
introduced. However, this argument was wrong. To eliminate overcounting, 
further terms must be added to the BRST charge. 

To eliminate (j)^, 4'*-uj^ ^-w introduce bosonic antifields 9^ and 
with canonical momenta Xuj X-w They satisfy the CCR 

[h, Xk'] = iSk+k', [Ok, 6k'] = [Xk, Xk'] = 0, (3.32) 

where k,k' = ±lo. The antifield constraint 0* « ^1^^ « tt^ « ttI^^ « is 
implemented by the BRST operator 

Qa = (t\cX-w + (I>-ujXu>, (3.33) 
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which acts in an extended phase space with basis (f>k, tt/j, (p^, vr^, 6±a}, X±u;'i 
this space is still denoted by TiV*. It is clear that {Qd,Qa} = 0, because 
Q^) is independent of all modes with k = zizco. The antifield constraint acts 
as 6 aF = [Qa, F], where 



= 0, Sa(I)*-u, = 0, 



-un 



SaX<^ = 0> SaX-i^ = 0- 

Hence ker5^ = im(5^ = C(^* , ^1^^, Xw, X-w)- The kernel and image are the 
same, and all variables vanish in cohomology. We are thus left with the four 
variables (p±i^ and 7r±i^, two of which need to be eliminated. To this end, we 
consider the momentum constraints 

Mu, = T^uj — iiO(t>uj, M-oj = TT-o; + ii04>-0J: (3.35) 

which satisfy 

= 2a;. (3.36) 

Since these constraints have a nonzero Poisson bracket, they are second class. 
We must therefore consider one of them, say Aiui, as a first-class constraint, 
and the other as a gauge fixation. To implement this in cohomology, we can 
introduce two canonically conjugate fermionic antifields and P-ui- 

{(5^,(3.^} = 1, = /3-^} = 0. (3.37) 

One way to impose the momentum constraints is to choose the BRST charge 

Qm = Mujp-oj (3.38) 

It is clear that {QmiQm} = 0, since [M.^,M.J\ = in view of (3.35). 
Moreover, {Qd,Qm} = {Qa,Qm} = 0; because Qd is independent of all 

modes with k = zizuj and Qa is independent of </>±(^ and TTj-i^. Q_m acts on 
functions over TiV* as 5mF = [QmiF]'-, the relevant piece is on the modes 
with k = iba;: 

^M(t>ui = ^ Sm4>-uj = -iP-u> 

Smt^uj = Sm'^-lu = ^P-ui (3.39) 
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In particular, 



SmMu, = 0, 6mM-^ = 2w/3_^. (3.40) 

keiQM is generated by (p^;, t^ui, (^-oj, and tt^^ — iivcp-^. imQM is generated 
by M-u) = T^w — ii^<^uj and The cohomology H*i{Qj^) is thus generated 

by 



2oj 

^ (3.41) 



where x is an arbitrary constant. They have the nonzero brackets 

K,a_^]=-1. (3.42) 



In particular, a_a, commutes with Mw, so the bracket is independent of the 
parameter a;, as is necessary because it must be well-defined in cohomology. 
If we make the particular choice x = 0, a^^ also commutes with M-^i, and 
we can identify a^^ = a^, a_t^, = a in (3.7) and (3.25). 

Let us summarize the construction in this subsection. We started from 
the space of functions over the extended phase space, 

Xlo-,I3ui-,I3-uj)- We then introduced the BRST 
charge Q = Qd + Qa + Qm, (3.29), (3.33), (3.38), which is nilpotent. It is 
clear from the discussion above that cohomology groups are 

Hl!i{Q) = C{a^, a_,), H^i{Q) = 0, Vn / 0. (3.43) 

In other words, we have obtained a resolution of the classical phase space 

C(a^,a_^). 

In the extended history phase space HV*, we can define a natural Hamil- 
tonian as the generator of rigid time translations: 

oo 

= ^ k{i(t)kTr-k + (t'l'^-k) + i^QwX-uj - ii^O-ojXu> + ^Pu,P-u> (3.44) 

A;=— oo 

This Hamiltonian picks out the Fourier frequency k: for any monomial 
AkBk'... on nV*, wc have [Ti, AkBk' ...] = (A; + k' + ...)AkBk'.... In par- 
ticular, the BRST charge Q carries zero frequency, and hence it commutes 
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with the Hamiltonian; [H, Q] = 0. Hence the Hamiltonian acts in a well- 
defined manner on the cohomology groups. We verify that the Hamiltonian 
can be written as 



H = uja^a-^ + {Q, O}, (3.45) 



where 



(3.46) 



In particular, on the zeroth cohomology H^i{Q) = C{au,,a-i^) it is equivalent 
to the operator TL — ujciijjCi—ijj, which is (3.27). 

3.4 Quantization 

So far, our considerations were completely classical. The idea behind MCCQ 

is to quantize in the extended history phase space first, and impose the 
constraints by passing to cohomology afterwards. We quantize the theory 
by introducing a vacuum state |0) which is annihilated by all negative- 
frequency operators. Hence 

</)_fc|0> = 7r_,|0) = r.fclO) = 7r*_,\0) = 

^-^|0> =X-^|0> =/3-a;|0) =0. 

Recall from (3.43) that the physical phase space could be identified with 
the classical cohomology H^i{Q) = C(at^,a_t^). Since all negative- frequency 
operators annihilate the vacuum, quantization leaves us with the state space 
ijo (Q) = C(a^), H^tiQ) = 0, n 7^ 0. A basis for the state space H%{Q) is 
thus given by 



n 



> = ^a2|0) (3.48) 



An operator A is physical if [Q, A\ = 0, and two physical operators A and A' 
are equivalent \i A! = A+[Q,B], B arbitrary. This is precisely the definition 
of the classical cohomology of Q, and hence the operator cohomology is given 
by i?Op(Q) = H%{Q) = C{a^, a_^), F« (Q) = HJ^^iQ) = 0, n / 0. 

The Hamiltonian commutes with the BRST charge, [H, Q] = 0, and 
hence the energy of the n-quanta state (3.48) is given by 

H\n) = nu;\n). (3.49) 
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Note the complete isomorphism between (3.7), (3.12), (3.13) and (3.41), 
(3.48), (3.49), provided that we identify 

a^^ = a\ d-u; = «■ (3.50) 

This shows that the state space H^^{Q) is isomorphic, as a hnear space, to the 
Hilbert space of the harmonic osciUator, with the same energy eigenvalues. 

The first major flaw in [9], the overcounting of states in the harmonic 
oscillator, has thus been corrected. This was done by introducing bosonic 
antifields ^j^, Xw, X-w to eliminate , <^1^, vr* , vr* ^, and by introducing 
fermionic antifields 13-^^ to eliminate the constraints M.w, -^-wj i-e. to 
identify momenta and velocities. 

3.5 Involution and cohomological description II 

In the previous subsection we succeeded in constructing a resolution of the 
Hilbert space of the harmonic oscillator, regarded as a linear space. However, 
a Hilbert space is not just a linear space; it is a metric space equipped with 
an positive-definite inner product. In addition to the overcounting of states, 
which is a direct error, [9] has a serious omission: no attempt was made to 
construct the inner product. 

Involution can be naturally defined in the history phase space as negation 
of frequency: 



4 


= (p-k, 


4 = '^-fc' 




= 4>*-k^ 


*t * 
T^k =^-ifc' 















(3.51) 



Qd = Qd and Q\ = Qa, but 

Qji^ = M-^fi^ + Qm= MojP-o.. (3.52) 

The BRST operator is thus not selfadjoint, ^ Q, which ruins the co- 
homological setup. The source of this problem is clearly that the M±u! 
constraints are second class, cf. (3.36). To make them first class, we em- 
ploy a stardard trick. Introduce a new pair of canonically conjugate bosonic 
variables a±i_^, with nonzero brackets 

[a^,a-^] = -2lo. (3.53) 



14 



We replace (3.35) by 

M'^ = Muj + = TTu, — iujcpui + a, 



(3.54) 



which are first class: [M'^j, -^'-co] — 0- Consequently, the corresponding 
antifields must also be first class. To this end, we let the antifields 
anticommute, and introduce their canonical momenta j±uj- The brackets 
(3.37) are now replaced by 

(3.55) 

{0±u;,f3±uj} = {7±a;,7±a;} = 0, 

and the BRST charge (3.38) by 

Q'M = Mij-^ + M'_^-f^. (3.56) 

The relevant part of the BRST charge is Q = Qa + Q'm^ which acts as 
follows on the modes with k = ui: 

(50* = 0, (Jvr* = Xco, 

5 [3^ = Ml, Sj^ = 0, (3.57) 

69^ = -icplj, 6xw = 0, 

Sauj = 2a;7a,, 

We note that dtp^^, dn^^ and Ja^j are all proportional to 7^^,. Two linearly 
independent combinations of these variables thus belong to the kernel, e.g. 
TT^ + iuj(/)i^ and Furthermore, , 7^^ and Xt^ belond to the kernel, so 

dimkcr Q = 5. iniQ is generated by M'^^, 0^, 7t^ and Xlui and diminiQ = 4. 
Hence dim H*i{Q) = 1. Since the action on modes with k = -co is completely 
analogous, and Qd eliminates all modes with k"^ ^ uP', we find that H*i{Q) 
is generated by 



2uj 

^ (3.58) 



2uj 

where x and y are arbitrary constants. Appending the involution rule (3.51) 

by 
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we see that the improved BRST charge Q = Qd + Qa + Q'm indeed 
self-adjoint, = Q. 

To ensure that the Hamiltonian in TCP* still commutes with the BRST 
charge, we must give energy to the new modes; (3.44) must therefore be 
replaced by 



(3.60) 



k=—oo 

We have \H, <5] = and H = ua^a^^^ + {Q, O}, where 

) (3.61) 

Equation (3.60) thus induces a well-defined Hamiltonian in cohomology. 
3.6 Cohomological description III 

The separation of the second-class constraints into first class constraints plus 
gauge conditions is not unique. In this subsection we illustrate this with a 
non-minimal cohomological formulation of the harmonic oscillator. 

Introduce new bosonic fields t/j^ with canonical conjugates p^, defined for 
all keR. For k"^ / LO^ we define the dynamics and momentum constraints 

£k = {k^ - i^'^){^k + '4^k), 
Mk = T^k-'ik(f)k- Pk-iktpk, 



(3.62) 



and for k = ±uj, 

£±u^ = 0, 

■^±0; = '^±u> T ii^(l>±u) + a±u> (3.63) 

The bosonic fields i/'fc) Pk satisfy the nonzero CCR [ipk,Pk'] = i^k+k', and 
(x±ui still satisfy (3.53). Moreover, we have to introduce new fermionic anti- 
fields K±u) and their momenta X±u), with the nonzero brackets {kij,X-ij} = 
{k^^,X^} = 1. 
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The BRST charge is 



(3.64) 

It acts on functions F G C{HV*) as c^F = [Q,F]. For fc^ / ^j^g action 
on the basis vectors reads 

S(j)k = -i-rk, S-Kk = iik^ - u?)'n:l - k-fk, 

Sipk = ilk, 5pk = i{k^ - - kik, 

54>l = £k, Snl = 0, 

SPk = Mk, = 0. 



(3.65) 



ker Q is generated by (/>fc + ipk, T^k — pk, t^I ^k- imQ is generated by £ki 
■Mk, T^l and 7^. Since dimkerQ = dimimQ = 4, dimH* = and there is 
no contribution to cohomology for such k. 
For k'^ = u'^, say k = lo, we have instead 

50* = 0, Jvr* = Xo;, 

8'^l)^^ = 0, 5p^ = iXuj, 

SP^ = M'^, 61^ = 0, (3.66) 

SOu, = -i(t)t>, Sxu> = 0, 

This is the same as in (3.57), except for the additional quadruple ip^^, p^^, 
Ku, Xu,, which cancels in cohomology {tpui and A^^, are exact and p^^ and k^, 
are not closed). The cohomology is thus the same as in the previous section. 
To the Hamiltonian in (3.60) we must add terms which give energy to the 
new fields, i.e. 

AH = ILOtp^P-u, + LOKu,X-u) — OJ ^ —uj. (3.67) 

It is impossible to construct the correct phase space algebra C{V) = 
C{a,a)) in terms of fields and antifields which depend on k only; we must 
also introduce antifields which are explicitly labelled by the solutions ±0;. In 
the field theory context, it means that the momentum constraint is bound 
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to break manifest covariance. To see this, it suffices to count tfie degrees of 
freedom. Assume for simplicity that the history fields (pk only have finitely 
many component, i.e. k belongs to a finite but large set with elements. 
In the previous subsection, we introduced antifields and momenta with the 
following number of components, where fermions count negative: 



Field 


# comp 


Momentum 


# comp 




N 


TTfe 


N 




-N 




-N 




-2 




-2 




2 




2 




2 







(3.68) 



Hence dim H^i{Q) = 2iV - 2iV - 4 + 4 + 2 = 2, which is the correct dimen- 
sion for the physical phase space spanned by a and . We can introduce 
additional antifields, like and 7fc in this subsection, but then they must 
be cancelled by two other antifields ifjk and with 2A'' components. At the 
end, the balance is always maintained by the two components of a±^. 

A similar conclusion holds generally, both for interacting theories and 
field theories, as discussed in subsection 10.2. 



3.7 Continuous Fourier variable 

In the previous subsections the Fourier variable k was assumed to be dis- 
crete. The precise domain of k was unimportant, as long as ibu; belongs to 
this domain. In this subsection we will take the formal continuum limit of 
the cohomological formulation in subsection 3.5. This mainly amounts to 
replacing sums by integrals, but there is a slight complication: the infinite 
constant (5(0) enters in some formulas. This problem is purely formal, and 
we will ignore it henceforth. 

The dynamics and momentum constraints read 

£{k) = {k'^ -uj^)cl){k), 

(3.69) 

M{k) = Tr{k) -ik(f){k) + a{k), 

where 



[aik),aik')] = -2k5{k + k'). (3.70) 

However, Ai{k) is only defined for k'^ = uP' ^ and so is a(A;). We note that 
\M(k),M{}^)\ = 0, and [M{k),£{k')] = 0, provided that k"^ = w^, which is 
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the case. Introduce antifields for all k, and additional antifields 9{k) 

and P{k) for k'^ = w^, and their canonical momenta. The complete list of 
nonzero CCRs is 

[(f)ik),Tr{k')]=i6{k + k'), {(l>*{k),Tr*{k')} = Sik + k'), 
[e{k),x{k')]=i6{k + k'), {m,l{k')} = S{k + k'), (3.71) 
[a{k),a{k')] = -2k6{k + k'). 

The BRST charge Q = Qd + Qa + Qm, where 
Qd = J dk S{k)Tr*{-k), 
Qa = J dk <P*{k)x{-k)6{k^ -io^) 

= l.{^*{u)x{-co) + 4>*{-u)x{oo)), (3.72) 

2 , ,2\ 



Qm = j dk M{k)-i{-k)5{k^ - uj 



(3.73) 



acts on the variables defined for all k as 

S(t>{k) = -i-i{k)5{k^ -J^), 

5iT{k) = i{k^ -u?)'K*{k)-k-i{k)5{k^ -u?), 

6(1)* {k) = (A;2-a;2)^(A;), 

S7r*{k) = x{k)5{k''-^% 

and on the variables defined for k"^ = uP' as 

5p{k) = M{k)5{k'^ -u'^), 

S-f{k) = 0, 

5e{k) = -i^*{k)6{P -oj'^), (3.74) 

Sxik) = 0, 

6a{k) = 2k-f{k)5{k'^ -Lo^). 

The cohomology is computed as in subsection 3.5. For k ^ ztoj, 0(/c) and 
7r*{k) belong to both the kernel and the image, and 7r{k) and 4'*{k) to 
neither; hence H*i{Q) = 0. For k^ = uj'^, k = u say, the BRST charge acts 
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like in (3.57), except that the RHS is multiphed by the infinite constant 
S{e -u^)(xS{0), e.g. 

d6(uj) = -i-f(Lo)S(0), 

(3.75) 

Sa{uj) = 2Lo-f{uj)S{0). 

We will consider S{k'^ — uP) simply as a non-zero constant, and ignore that 
it is infinite when k = ^lo. The cohomology is then generated by a^j and 
a_u; as in (3.58). The Hamiltonian in TiV* is 

H = J dk (^ik(t){k)Tr{-k) +k(l)*{k)7r*{-k) (3.76) 

+ {ik9{k)x{-k) + k(3{kM-k) + ^a{k)a{-k))6{k'^ - u^)^ , 

We have [H,Q] = and H = u>au,a-^ + {Q,0}, where and O is some 
operator. 

3.8 Time-plane formulation 

It is instructive to write down the formalism in the time-plane. The dynam- 
ics constraint becomes 

£{x) = 4>"{x) + uj'^4>{x) « 0. (3.77) 

The following identities hold: 

j dx e^^^S^x) = j dx e'^^'S^x) = 0. (3.78) 

We introduce the conjugate momentum 7r(x), the continuous antifield </'*(a;), 
and its canonical momentum 7r*(x); the nonzero brackets are 

[(^{x),TT{x')]=i5{x-x'), {(j)*{x),TT*{x')] = 5{x-x'). (3.79) 

As in section 3.5, we also introduce the discrete antificlds 9±i^, j3±i^ and 
with momenta x^oji I^uj a^^d a-o;, respectively. The BRST charge is 
Q = Qd + Qa + Qm, where 



Qd 



Jdxm^)^.^mx) 



Qa = X-o. / dx e'''^(t>*{x) + x. dx e-'^'' 4>* {x) , 

(3.80) 

Qm = Mu^l-co+M-^Juj, 



M±o, = a±^ + J dxe^'^''{7r{x)-cp'{x)). 
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The cohomology H*j^{Q) is generated by 

= x^Mu; + dx e''^''(7r(a;) + (l>'{x)), 

. _. (3.81) 

a-^ = X-^M-oj+ dx e *'^^(7r(x) + ^'(x)), 

where Xi_j and arbitrary constants. The Hamiltonian in HV*, 

n = [ dx {i(f)'{x)7T{x) + ^(j)*{x)Tr*{x)) 

^ (3.82) 



can be written as 7^ = ujai^a-i^ + {(5,0}, for some operator O. Involution 
sends 

(^\x) = (f){x), Tr\x) = Tr{x), 

(t>*\x) = (l)*{x), 7r*t(x) =7r*(x), 

whereas the involution of the discrete variables is as in (3.51). Q is clearly 
invariant under this transformation. 

4 The free particle 

4.1 Cohomological construction 

The free particle moving in ti-dimensional space is described by d harmonic 
oscillators with zero frequency. It will become of considerable interest below, 
as it describes the observer's trajectory in QJT. Anticipating this applica- 
tion, we denote the independent time parameter by t, the histories by q^{t), 
and the history momentum p^it), subject to non-zero CCR 

[q'^it),p,{t')]=iSi^S{t-t'). (4.1) 

We work in Minkowski space with a flat, background metric r/^j, with inverse 
r]'^", which we freely use to raise and lower indices, e.g. q^{t) = rj^j^nq^ {€), 
P^it) = <"p.(t). 

The equations of motion read 

S^'{t) = qi'it) ^ 0. (4.2) 
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To implement these in cohomology, we introduce fermionic antifields q*{t) 
with momenta satisfying non-zero brackets 

kw,p:(0} = (4.3) 

The equations (4.2) are subject to the redundancies 

J dt S^it) = j dt tS^it) = 0, (4.4) 

which require that we introduce two new, bosonic antifields and 9q with 
momenta Xi aiid Xq- We assume that the integral in (4.4) vanishes if the 
integrand is a total derivative. 

Moreover, we need to identify momenta and velocities, which is accom- 
plished by the momentum constraint 

Mi,{t)=pi,{t)-qf,{t). (4.5) 

Most of the momentum constraints do not commute with dynamics, because 

[Mf,{t),S''{t')] = -i5;S{t-t'). (4.6) 

However, integrating by parts we immediately see that the expressions 

Ml = f dtMt,{t) = j dtp^it), 

\ . (4.7) 

M], = ldttM^{t)K I dttp^{t). 

do commute with £^{t'). Here we used that 

j dtte{t)=K-\ j dtt'q^it)) (4.8) 

is BRST exact in view of the dynamics constraint (4.2), and thus it can be 
ignored. A novel feature compared to the harmonic oscillator is that the 
momentum constraints are first class, because 

[MlMl]=0. (4.9) 

After the dynamics and antifield constraints have been implemented, four de- 
grees of freedom remain: the two solutions to q'^{t) = and their associated 
momenta. The task of the momentum constraints is to identify velocities 
and momenta, and thus to cut down the number of degrees of freedom to 



22 



two. This would be accomplished by two second class constraints. However, 
and are first class and count twice. Hence only of them can be 
implemented in cohomology. 

Collecting everything, the extended history phase space HV* is spanned 
by the following fields, antifields, and canonical momenta: 



Field 


Momentum 


Parity 


Constraint 




p;{t) 




B 
F 
B 
B 
F 
F 


f dt qUit) 
f dt tqi^{t) 
Ml 
Ml 



where only one of the antifields and are used. The total BRST operator 
is Qq = Qd + Qa + Qm-, where 



Qd 

Qa 
Qm 



j dt e{t)pl{t), 

Xl I dtqt{t)+xl j dttqtit), 

{Mill 



(4.10) 



or 



The analysis becomes simpler if we expand all fields in a Taylor series, to 
which we turn next. 

4.2 Mode expansion 

We assume that all fields can be expanded in a Laurent series in t, and define 
the modes Qm and by 



m=— oo 
oo 

m=— oo 

The Laurent modes satisfy the non-zero brackets 



(4.11) 



(4.12) 
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Using the expansion of the delta function around s = 1, 

oo 

,5(1-.)= J2 (4-13) 

m=— oo 

and that 

S{t-t') = -^S{l-^), (4.14) 

we find that the definition (4.12) leads to the correct CCR (4.1) for the fields 
(4.11). The modes can be recovered from the fields by taking moments, e.g. 

q^ = Jdt t-^-^q^{t). (4.15) 

In particular, qt^ is the residue. 

The dynamics constraint takes the form 



£^ = {m + 2){m + l)q^^^^. (4.16) 

Hence wc introduce an antifield qm with momentum and nonzero brack- 
ets {qVi jP'^v} = ^u^m^ and define the dynamics constraint 

oo oo 

Qd= E m(m-l)g>--2. (4.17) 

m=— oo m=— oo 

Qd acts like 



^aqm = 0> "^(iPir = -im{m - l)p., 
SaqVt = ijn + 2)(m + l^^^, «m = «• 



,m-2 



(4.18) 



ker is generated by all qm, q*!^2^ q*!\, P^^, v]i aiid all . im Qd is generated 
by all qm except m = and m = 1, and by all except m = — 2 and 
m = -1. H*i{Qd) is hence generated by g^, g^, q% q*J[, P^, and 



P*fj, • 



The antifields constraints correspond to 

ql^ = Jdt q^{t), q*% = J dt tq^{t). (4.19) 

To kill the antifields in cohomology, we introduce new bosonic antifields O'^, 
9q and their momenta x^, x°. The antifield BRST charge, 

Qa = qAxl + q-%xl, (4.20) 
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acts on the relevant fields as 

6aqT,=SaqT2 = 0, 5aP',^=xl, W = 4' (4-21) 

It is clear that the antifields cancel in quadruplets, and H*i{Q(i + Qa) is thus 
generated by qm and p'^, m = 0,1. 

The modes of the momentum constraints read 

•M;r=p;r+"iWm+i, (4.22) 

for m = 0, 1. They commute with Sm- 

[M^, Si:] = im{m - l)5;:C+2 = 0. (4.23) 

Moreover, since q'^^ = 6{l/2q'^^) « 0, we can take the momentum con- 
straints to be 

MI=pI, or MI=pI. (4.24) 

and A^^ commute, and hence they are first class constraints. We can 
therefore only hope to implement one of them in cohomology. 

To implement A^^ « 0, we introduce a pair of antifields and 7q , and 
the momentum part of the BRST operator becomes 

Qm^Q'!n=PH- (4-25) 

It acts on the relevant fields as 

<5m9o = ^7o ' <^mP° = Smqi = Smpj,, = 0, 

SmP^=pl 5^7° = 0. (4.26) 
The quadruplet qg, p^, Pq and 7^] cancels, and the cohomology is generated 

by 

= ql + xpl, ^^^^^^ 

for some constant x. The brackets 

[s^,Ut,] = irj^u, (4.28) 
are well defined in H'i{Q^), i.e. independent of x. 
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Alternatively, we could implement Mj^ ~ in cohomology. We then 
introduce a pair of antifields and 7^*, and the momentum part of the 
BRST operator becomes 

Qm = Qln=Phl- (4-29) 

It acts on the relevant fields as 

^mQi = hi- (^rnPl = ^rnqQ = ^mP^ = 0, 
SmP'i=pl ^mll = 0. (4.30) 

The quadruplet Qi, pji, /3f and 7^ cancels, and the cohomology is generated 

by 

= 

for some constant x. The brackets 

are well defined in H*i{Ql^), i.e. independent of x. 

4.3 Involution and quantization 

Three different notions of involution are conceivable. 

1. m — 1 — m, e.g. qUi Qi-m ^^^d p]r^- Then 

Ql-^Ql-^Ql, q^{t)^tq^{\), p^[t)^\p,{\). (4.33) 

Since the momentum part of the BRST operator is not invariant, this notion 
of involution leads to difficulties for quantization. 

2. m ^ -m, e.g. qi^n q-m and p'^ p~'^. Then 

Ql - Ql, tit) - Pf.it) - P,i])- (4.34) 

Since is invariant under involution, we choose it as the momentum part 
of the BRST operator, and the corresponding vacuum |0) in TiV* annihilates 
all modes with m < 0, e.g. q'^j^\o) = p^™|0) = for all — m < 0. We must 
also decide whether q^ or p^ should annihilate the vacuum. 



fa + XPi: 



(4.31) 



(4.32) 



26 



3. m ^ 2 - m, e.g. ql^n ^ q^_^ and ^ p^-m rpj^g^ 

QI^QL g''(i)^iV(^), PmW^^P^(^)- (4.35) 

Since Q}^ is invariant under involution, we choose it as the momentum part 
of the BRST operator, and the corresponding vacuum | O) in HV* annihilates 
all modes with m < 1, e.g. q'^^|0) = p^™|0) = for all — m ^ 0. We must 
also decide whether q'^ or should annihilate the vacuum. 

4.4 Scale symmetry 

Scale transformations are generated by the dilatations D = td/dt, which 
satisfy the one-dimensional abelian algebra [D,D] = 0. To fix notation, 
let us recall some basic facts about representations of the scaling group. A 
constant operator A has weight A if it transforms under dilatations as 

[D, A] = -XA. (4.36) 

We write wtA = X. The weight is preserved by brackets; if wtyl = Xa 
and wtB = Xb, wt[A,B] = Xa + Xb- A function (f){t) has weight A if it 
transforms as 

oo 

[D,<p{t)] = -t<i){t)-XcP{t)= -(m + A)0^t"^. (4.37) 

m=— oo 

Again we write wt 4>(t) = X. We see that the mode cpm has weight m + A in 
the sense (4.36). If wt0(t) = A, then wt^{t) = A + 1, and more generally 
wtd"^^/dt"^ = X + m. Moreover, if wt(f){t) = A, then its m:th moment is a 
constant operator and wt (J dt t"^(f){t)) = A — m — 1 in the sense (4.36). In 
particular, the residue J dt t~^~^^(/){t) is invariantly defined. 

If TT{t) is canonical conjugate to ^(t), i.e. [(/){t),7r{t')] = iS{t — t'), then 
wt Tr{t) = 1 — A. For the corresponding modes, wt tt"* = —m — X. This is 
compatible with the brackets, because if 

[D, ^m] = -{m + X)4>m, [D, tt"^] = (m + X)^^, (4.38) 

thenp,[<^„,7r"]] = = [A-<]- 

Dilatations act on the fields and momenta according to the following 
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table: 



Field A 


Momentum A 


Constraint A 


q^'it) 

qm m 
q':{t) 2 
qm m + 2 



el 1 



Pjc -1 


Pi^it) 1 
— m 

pTh -m-2 

xl -1 

To" 

7r 1 


2 

(m + 2)(m + l)g(;,+2 "^ + 2 
q*% = Jdttqt{t) 

(??i = /dtg^f(i) 1 

K = ?'° 



Thus, the indices in (4.17), (4.20), (4.25) and (4.29) equal the weight of the 
corresponding mode, except for q^ which is shifted by two units. Hence 
wt Q = 0, and the weight is preserved by the BRST charge. 

4.5 Energy- momentum tensor 

The energy-momentum tensor 

T{t) = Vi..rit)r{t) (4.39) 

is preserved by time evolution; T{t) = when the equations of motion 
q^{t) = arc taken into account. In the present framework, this is ex- 
pressed by noting that the time derivative T{t) is BRST exact, which is 
straightforward to verify: 



t{t) = 2r^^,rit)q''it)=SUit), 
U{t) = 2ri^,q!:{t)r{t). 



(4.40) 



Using that (jm = {m+l)q!^^i, the modes of the energy- momentum tensor 
become 



Tm = ri^,u Yl (" + l)("^-"+l)9n+l9m-n+l- (4-41) 
n=— oo 

One verifies that is BRST closed, and that (m + l)r^+i = SUm, where 

oo 
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Hence is BRST exact, except for 

oo 

To = v^.u J2 "(2-^)«-n, (4.43) 

n=— oo 

which thus belongs to cohomology. 
We check that the weights match. 



Field 




m 




m 


ym -i-m 


qm 


Um 


Weight 





2 


2 


3 


m m + 2 


m + 2 


m + S 



(4.44) 

I -r u 

Since wt T{t) = 2, the physical operator Tq equals the residue 

Tq = J dt r^T{t). (4.45) 

Thus it acts in a well-defined manner on the physical Hilbert space. For 
reasons that will become apparent below, we refer to the Tq eigenvalue as 
the observer's mass squared and denote it by -M^^^. 

4.6 Hamiltonian 

Since the Hamiltonian is the generator of rigid time translations, we are 
tempted to define the Hamiltonian in TLV* as 

no = Jdt e{t)pm -ijdt q^(.t)pl{t). (4.46) 

This definition would lead to the expected time evolution 

[Wo,g^(t)] = -ig^(t), [no,pm] = -iMt), , , 

(4.47) 

[Wo, qm)\ = -Mm, [no,Pm] = -iplit). 
However, Hq does not commute with the BRST operator. Namely, because 

[Wo,y" dt g^f(t)] = 0, [Ho,y" dt tqi:{t)] =ijdt qt:{t), 
[Ho,Ml] = 0, [Ho,Ml]=iMl 



(4.48) 



we find 



[no,Qd] = 0, 

[no,Qa] = ixl I dtq>i{t), (4.49) 



[Wo,Qm] = iA^°7f 
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To cancel these contributions, we add an extra term to the Hamiltonian: 

-Hi = xlet + 1-1^^1. (4.50) 

One verifies that the total Hamiltonian Ti = TCq + TCi does commute with 
the BRST charge Qq = Qd + Qa + Qm- It is therefore well defined on the 
cohomology if*;(Qg). 

The Hamiltonian H = Ho + Hi translates into 



m=—oo m=— oo 

+ <X,'-^lll (4.51) 



T-Lq acts on the modes as 

[Ho, d = ijn+ l)e+i [Wo,;^^^] = -mpT-\ 

[Wo,^^]=0 [:^o,x;']=x;', (4.52) 
[Wo,7^]=7r [Ho,/3°]=0, 

[Ho,7r]=o [Ko,/3^] = -/?;!. 

We verify that [T^o, Qd + Qa] = 0, but 

[Wo, Qm] = -2v^.qho - V^.qhi- (4.53) 
The first term equals [HijQd], where 

ni = -77m.%^o, (4.54) 

and it can hence be cancelled by taking the Hamiltonian to be TCq + Tii. It 
does not seem possible to cancel the second term in (4.53), though. 

4.7 Reparametrizations 

We denote the reparametrization generators by L{t), or equivalently use the 
smeared generators 

Lf = jdt f{t)L{t). (4.55) 
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They generate the algebra ticct(l): 

[Lit], Lit')] = {Lit)+Lit'))5{t-t'), 

(4.56) 

where [f,g] = fg — gf- The representations of ticct(l) are densities (primary 
fields) (pit) of weight A, transforming as 

[Lf,m = -f{mt)-xfm{t). (4.5?) 

We write wt<p{t) = A; in particular, wt L{t) = 2. If wt (p{t) = 0, then (/){t) 
is also primary and wt^(t) = 1. On the other hand, if the weight of (p{t) 
is some X ^ 0, then <^{t) is not primary, but there is an additional term 
proportional to ^(t) in the RHS of (4.57). The integral / dt (j){t) can only 
be defined if wt(/){t) = 1; in that case, the integral transforms trivially. 

To give a reparametrization invariant formulation of the free particle, 
we add a new independent variable, the einbein e(t), with momentum Pe{t), 
satisfying [e{t) , Pe{t')] = iS{t — t'). We introduce the suggestive notation 

Ht) = e-\t), ^{t) = e{t)f{t), J dr f{t) = J dt f{t)f{t). (4.58) 

T{t) can be thought of as proper time, wtr(t) = 0, and hence wtf(t) = 1 

and wt e{t) = — 1. 

To obtain a reparametrization invariant formulation of the free particle, 
we simply replace t ^ T{t) and df /dt ^ df/dr everywhere in the formulas 
above. The dynamics constraint (4.2) becomes 

and the redundancies (4.4) 



£^(t) = ^(t) ^ e{t)^Mi)rit)) (4.59) 



J dr Si'it) = J dt f{t)£^{t) = 0, 

JdTTS''{t) = J dt f{t)T{t)S''{t) = 0. 
The mode expansion (4.11) is replaced by 

oo 



(4.60) 



m=— oo 
oo 



(4.61) 
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and the Taylor modes still satisfy the brackets (4.12). When formulated 
in terms of these Taylor modes, all formulas in subsection 4.2 remain un- 
changed. 

The reparametrizations L(t) generate a gauge symmetry, which we want 
to eliminate in cohomology. To this end, we introduce a fermionic ghost c{t) 
with canonical momentum b(t), satisfying the CAR {c(t), b{t')} = S(t — t'). 
The total list of antifields is thus given by 



Field Parity A 



e{t) 
cit) 

el 

Pi 



B 
B 
F 
F 
B 
B 
F 
F 



Momentum A 



Pe{t) 
bit) 

7o 
7i 



c 


Constraint 


A 


2d 






24 






2d 







24 


Lit) 


2 





f dr q'i 








J dr tqH: 
















pI 






(4.62) 



Note that wt^^^(t) = 0, and hence wt q^{t) = 0. This difference compared 
to subsection 4.2 arises because the Euler-Lagrange equation (4.59) is the 
second derivative w.r.t. r rather than w.r.t. t. 

The ghost contribution to the BRST operator reads 

Qc = j dt L{t)b{t) + \j dt L>^\t)b{t) =Lb + hf, (4.63) 

where 



L{t) = -ir{t)p^{t)-ie{t)Pe{t) + 2i-{e{t)pe{t))-q^{t)pl{t), 
L3h{t) = b{t)c{t), (4.64) 

and Lh and L^^ denote the generators smeared with b{t), in analogy with 
(4.55). Qc commutes with Qq = Qd + Qa + Qm because [L{t), Qg] = and 
[Qq, e{t)] = 0, and = by construction. Hence the total BRST operator 
Q' = Qd + Qa + Qm + Qc is also nilpotcnt, and its cohomology defines the 
physical phase space by C{V) = H^i{Q'). 

We quantize as usual by introducing a vacuum state | O) . As we discussed 
in subsection 4.3, there is some freedom in doing so, but the details are not 
very important. We may define modes as in (4.11) or as in (4.61), and 
demand that all negative modes annihilate the vacuum. What matters is 
that we divide the generators of the history phase space HV* = l-iV\®HV*_ 
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into two subspaces of equal size, and that the involution maps T-LV*^ and 
'HV*_ into each other. We can then define the vacuum |0) by KP!l|0) = 0. 

There is one complication. When acting on the vacuum, the constant 
part of the total reparametrization generators L'^^'^(t) = L(t) + L^^{t) gives 
infinity, / dt L-^'^^(t)|o) = oo|o). To remedy this, we must normal order, 
i.e. move all negative modes in (4.64) to the right and the positive modes 
to the left. As is well known, this leads to a central extension, and Dcct(l) 
must be replaced by the Virasoro algebra with central charge c: 

[Lf, Lg] = Lif,g] + ^Jdt {mm - f{t)g{t)) . (4.65) 

This is a potential problem, because if the central charge of the total repara- 
metrization operator L^*^^ = Lf+L^J^ is ctot 7^ 0) the total BRST operator 
Qtot = Qq + Qc is no longer nilpotent after quantization. This does not 
have to be a disaster; it would just mean that after quantization reparametri- 
zations become a global symmetry, which act on the Hilbert space rather 
than reducing it. This point is further emphasized in subsection 10.3. 

However, anomalies are not a problem in this case. The contribution to 
the central charge from the various fields and antifields is listed in the sixth 
column in the table (4.62). Adding the c's together, we see that the total 
central charge is 

CTOT = 2d + 24 - 2d - 24 = 0. (4.66) 

The total Virasoro algebra is thus anomaly free, and Q^qt ~ ^- There is 
no obstruction to the elimination of reparametrizations for the free particle. 

5 Free scalar field 

5.1 Conventional canonical quantization 

The action 

S=^Jd^x {r]>'''d^(Pix)d,cPix) - io^cPixf), (5.1) 

leads to the EL equation 

S{x) = rj'"'df,d^(l){x) + u?^{x) = 0. (5.2) 
Prom the corresponding expression in Fourier space, 

£{k) = {kl - - u?)m) = 0> (5-3) 
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we see that the solution is given by Fourier modes ^(fc) = 0(fco,k) with 
ko = iwk, where 



= Vk2+^. (5.4) 

The canonical momenta are defined by 7r(x) = dQ(f){x), i.e. 

M{k) = Tr{k) - iko(t){k) ^ Q. (5.5) 

They are subject to the equal-time CCR 

[</>(k),vr(k')] = i6{k + k'), 
imAi^')] = [7r(k),7r(k')]=0, 

where <^(k) = ^(A;o,k) for fixed ko, etc. The time-independent Hamiltonian 
is 

n = ^y"d=^k(7r(k)7r(-k)+a;2^(k)0(-k)) 
d^k a;ka^(k)a(-k), 



(5.7) 



where the annihilation and creation operators are 

a(k) = ^^(a;k0(k) + m(k)), 

at(k) = -^(a;k0(k)-i7r(k)). 



(5.8) 



They satisfy the non-zero CCR, 

[a(k),at(k')] =<5(k + k'), (5.9) 
and carry energy — Wk and Wk, respectively, i.e. 

[7^,aT(k)] = uJka\k), [H,a{k)] = -u;ko(k). (5.10) 

5.2 Non-covariant cohomological formulation 

As for a single harmonic oscillator, there are several alternative cohomo- 
logical descriptions. The description in subsection 3.5 is most suitable for 

generalization to field theory, and we proceed in analogy with that. The ex- 
tended history phase space HV* is spanned by (p{k), 7r{k), (p*{k) and Tr*{k), 
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for all k = (A;o,k) G M^, and by 0{k), x(^)) 7(fc), and a{k), for A; on 

shell, i.e. k^ = up- . As usual, we take the nonzero brackets to be, for bosonic 
fields 

[</.(A;),7r(A;')] = \B{k),x{^)\= iS\k + k!), (5.11) 
for fermionic fields 

{0*(A:),7r*(A:')} = {m.li^)} = S^k + k'), (5.12) 
and for the second-class bosonic field a{k) 

[a{k),a{k')] = -2koS\k + k'). (5.13) 
a (A;) is needed to cancel the RHS of 

[M{k),M{k')\ = 2ko5^{k + k'). (5.14) 

Note that e.g. 

[^(A:o,k),x(A:[„k')] =z<5(fco + fc[,)(5^(k + k'), (5.15) 

and thus 

[^('^k,k),x(-u;k',kO] =i5(u;k-c^k')5'(k + k') = i5(0)(53(k + k') (5.16) 

As in subsection 3.7, on-shell constraints will thus be accompanied by a 
harmless factor 5(0), which could be eliminated by putting the system in a 
finite box. 

The field theory generalization of BRST charge (3.72) is Q = Qd + Qa + 
Qmj where 

Qd = J d'^k £{k)Tr*{-k) 

= J d'^k {k"^ -u^)^{k)Tr*{-k), 

Qa = j d^k(j)*{k)xi-k)Sik^-u;^), (5.17) 

Qm = J d'^k (Mik) + a{k))-fi-k)6ik^ - co'^) 

= J d'^k {Tr{k) - ikQ^{k) + a{k))-i{-k)5{k^ - iJ)- 
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the dynamics constraint £{k) was defined in (5.3) and momentum constraint 
M{k) in (5.5). This BRST charge acts on C{nV*) as SF = [Q,F]: 



54>{k) 


= -ijik)5{k'^ -Lv^), 


STT{k) 


= iik^ - uj'^)iT*{k) - koj{k)S{k'^ - u?) 


5(j)*{k) 




STT*{k) 




Sp{k) 


= {M{k)+a{k))6{e -Lo'^), 


5j{k) 


= 0, 


69{k) 


= -i(/)*{k)d{k'^ -u^), 


6xik) 


= 0, 


6a{k) 


= -2ko7{k)5{k'^ -Lo'^). 



(5.18) 



The cohomology is computed exactly as for the harmonic oscillator. For k 
off shell, (t>{k) and iT*{k) are both closed and exakt, whereas 4>*{k) and 7r(fc) 
are neither, and the cohomology vanishes. For k on shell, say k = (wkjk), 

ScPik) = -i7(k)<5(0), 

<57r(k) = -a;k7(k)(5(0), 

S4>*{k) = 0, 

57r*(k) = x(k)5(0), 

5p(k) = (7W(k) + a(k))5(0), (5.19) 

6j{k) = 0, 

Se{k) = -i0*(k)(5(O), 

<5x(k) = 0, 

(5a(k) = 2a;k7(k)(5(0). 

The cohomology H^{Q) is generated by 

a(a;k, k) = -^(7r(k) + ?a;k<^(k)) + X],M{k), (5.20) 

where Xk is an arbitrary constant. Analogously, the solution for the opposite 
on-shell value k = (— tUk, k) is 

a(-a;k,k) = -^(7r(k) - za;k</>(k)) + ykX(k), (5.21) 

where yk is another constant. 
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The Hamiltonian in T-LV* , 



n = 



j d'^k \^iko(t)ik)Tr{-k) + ko(t)*{k)Tr*{-k) + {iko9{k)x{-k) 
+ komii-k) + ^a{k)a{-k)) 5{k^ - , ( 



(5.22) 



reduces to 




d^k ui\f_a{LOk, k)a(-c<;k, -k) + {Q, O}, 



(5.23) 



O some operator, which is identical to (5.7) in cohomology. We note that 
Q and H are self-adjoint under involution, which sends A; = {ko, k) to —A; = 



by all modes with ko > 0. 

5.3 Covariance and the observer's velocity 

It is clear that the cohomological formulation in the previous subsection 
violates manifest covariance, and thus it violates the fundamental guiding 
principle behind MCCQ. The source of non-covariance is as usual the 3+1 
decomposition k = (A;o,k). In particular, the momentum constraint (5.5) 
and the related definition (5.13) depend explicitly on ko and are thus non- 
covariant. 

We can restore apparent covariance by introducing a vector u = (1, 0, 0, 0), 
which is naturally identified as the observer's 4-velocity. The time compo- 
nent of the momentum can then be written as ko = k^u^, i.e. as the projec- 
tion of k onto u. However, this is of course a purely cosmetic improvement. 
We have only made explicit that the definition of energy depends on a hid- 
den background structure, namely the observer's velocity. The key lesson 
from general relativity is that physics should not depend on background 
structures. Hence wc need to eliminate the observer's velocity from the 
background by bringing it to the foreground, i.e. by giving it quantum 
dynamics. 

The simplest way to do so is to assume that that the observer moves 
along a straight line, i.e. the the observer's trajectory has the form 




(5.24) 
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Prom the natural definition of the observer's momentum, p'* = Mo^gU^, we 
find that and s^^ are canonically conjugate, viz. 



[«'',"1 = ^<^ (5.25) 

On the classical level, this modification is enough to ensure manifest covari- 
ance. We simply replace ko — > k^uf^ everywhere in the previous subsection. 
Since Su'^ = 0, the observer's velocity belongs to H*i{Q) and is observable. 
However, (5s^ 7^ 0, and hence we can not observe the observer's position. 
This conclusion is of course absurd. 

The problem arises from the momentum part of the BRST charge (5.17), 

Qm = J d^k {Tr{k) - ikf,u''(t){k) + a{k))-f{-k)S{k'^ - w^). (5.26) 

The second term acts as follows on s^: 

63^" = / d^k k^(t){k)-i{-k)5{k^ - u;2). (5.27) 

Mobs J 

The third term above is more subtle but also acts nontrivially on s^, since 
the brackets for a{k) involve /cq ^-nd thus u^, cf. (5.13). The problem 
becomes even more acute on the quantum level. Here we need to represent 
the Heisenberg algebra on a Hilbert space with energy bounded from below. 
The positive-energy condition fco > is thus replaced by 

kf.u^' > 0, (5.28) 

which makes no sense because the observer's velocity is now a quantum 
operator. 

The physical origin of these problems is the assumption that the ob- 
servers mass Mobs is finite. If we instead assume the Mgbs = 00, we see 
from (5.25) that u'^ and s'^ commute, and hence Sms'^ = 0- Since u'^ and 

commute with all other operators as well, they are central and can be 
represented by c-numbers. The condition (5.28) then makes sense, and we 
are back to the situation in the previous subsection. 

This discussion leads to an important conclusion: underlying the usual 
formulation of canonical quantization is a hidden assumption about a macro- 
scopic, and thus infinitely massive, observer. This is of course an excellent 
approximation to most experimental situations, where the measurement ap- 
paratus is much heavier than the phenomenon being observed. However, 
this approximation is fundamentally flawed, since all physical objects in- 
cluding the observer are fundamentally quantum. We argue in subsection 
10.6 that this problem becomes serious when gravity is taken into account. 
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5.4 The need for QJT 

We saw in the previous subsection that the exphcit introduction of the ob- 
server's position and velocity is necessary but not sufficient for a manifestly 
covariant canonical formulation of quantum physics. The key problem re- 
sides in the condition (5.28). This is an operator equation for the indetermi- 
nate k. However, only operators like 0(fc) can depend on operator equations, 
not c-numbers like k itself. 

To circumvent this problem, and finally obtain a formulation of the free 
field which is manifestly covariant, we need to introduce Quantum Jet The- 
ory (QJT). The idea behind QJT is to formulate physics in terms of jet data 
rather than field data. A p-jet JP(f) is normally defined as an equivalence 
class of functions; two functions are equivalent if their derivatives up to order 
p, evaluated at the point q, agree. Locally, a jet can be canonically identified 
with a truncated Taylor series around the point q, and this is sufficient for 
our purposes. We thus expand every field (j){x) in a multi-dimensional Taylor 
series around an operator-valued curve q'^{t) in spacetime - the observer's 
trajectory: 

4>{x) = Y.^_^Mmx-q{t))'', (5.29) 

M 

where M is a multi-index; in one dimension, M is just an integer and the 
sum runs over positive M. 

It is now rather straightforward to translate the formalism above to jet 
space. E.g., the free-field equation (5.2) translates into the hierarchy 

3 

£M{t) = J2 n^''<l'M+„+v{t) + u'^^Mit) « 0. (5.30) 

;U,i/=0 

The crucial advantage of the passage to jet space is that it allows us to re- 
place the vacuum definition (5.28) by a c-number equation; the quantization 
step does not involve an illegal operator equation. Introduce the frequency 
m by making a Fourier transformation w.r.t. t, 

(t>M{t) = J dm exp{imt)(f)M{'m)- (5.31) 

We now posit that the vacuum | O) be annihilated by all oscillators of negative 
frequency, e.g. 

<^M(-m)|0) = <^l^(-m)|0) = g^(-m)|0) = ... = 0, (5.32) 
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for all —m < 0. The important property is that this frequncy is a c-number, 
and we do not need any operators to distinguish between positive and nega- 
tive frequency. The price is that we must explicitly introduce the observer's 
trajectory into the formalism. This amounts to a substantial modification 
of physics, e.g. because new diff and gauge anomalies arise. 

In the next section, we implement this idea for the harmonic oscillator. 

6 Harmonic oscillator in Quantum Jet Theory 
6.1 Definition of constraints 

We introduce an operator- valued curve q{t), called the observer's trajectory, 
expand the field (j){x) in a Taylor series around it, and truncate at some 
fixed but arbitrary finite order p: 

m = ^Mt){x - qit)^ . (6.1) 
M=0 

We identify (t>M{t) = d'^ 4> / dx'^ \^^g(j^y The relevant history phase space is 
spanned by the observer's trajectory q{t) and its momentum p{t), the Taylor 
coefficient functions (t)M{t) for ^ M ^ p, as well as the corresponding 
momenta 'K^{t). The nonzero Poisson brackets are 

[q{t),p{t')] = iS{t - t'), IMtWit')] = id^S{t - t'). (6.2) 

This space thus consists of histories of p-jets and their momenta. It will be 
referred to as the p-jet history phase space and denoted by .PTiV. Apart 
from the truncation order p, the definition of p-jets also depend on the ex- 
pansion point q{t) as well, although the notation does not make this explicit. 

As a matter of nomenclature, QJT refers to Quantum Jet Theory in 
general, whereas QJT(p) specifically refers to the quantum theory of p-jets. 

Since we are dealing with the harmonic oscillator, we assume that there 
is a one-dimensional metric 5mn (simply the Kronecker delta), which can 
be used to raise and lower indices. We will use this freedom to put all 
Taylor indices M, iV, ... downstairs. E.g., the momentum 7rM(i) = <^MAr7r^(t) 
satisfies 

[<j>M{t),TTN{t')\ = iSMNS{t - t'). (6.3) 

The dynamics constraint, 

£{x) = (j)"{x)+u;^(p{x), (6.4) 
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turns into the following hierarchy: 

£M{t) = (^M+2(t) + ^^0m(O- (6.5) 

Since 4'Mit) is only defined for M ^ p, £M{t) is defined for M ^ p — 2. 

We must also impose a new constraint, which expresses that (6.1) is 
independent of the trajectory parameter t. The RHS really defines a field 

(f>{x,t); to ensure that this is independent of t, we impose the constraint 
dt4>{x, t) = 0, which leads to the time constraint 

TMit) = ^M{t) - q{t)4>M+i{t)- (6-6) 

TM{t) is defined for M ^ p — 1. If we make the assumption that q{t) = 1, 
the time constaint is simply replaced by 

TmW = ^M{t) - (t>M+l{t). (6.7) 

This assumption amounts to a special choice of parametrization, namely 
q{t) = t + s, and the velocity q{t) is a c-number. In subsection 4.7 we discuss 
the modifications necessary when the original reparametrization invariance 
is not gauge fixed. 

The dynamics and time constraints are not independent, since 

(pM+2{t) ~ -U?(t>M{t) « 4>M+l{t) ~ (t>M{t)- (6.8) 

In the cohomological formulation below, this redundancy gives rise to extra 
terms in the BRST operator. 

Finally we turn to the momentum constraint. We would like to impose 

M{x) =TT{x)-(f)'{x), (6.9) 

but expressing a momentum tt{x) in terms of the jet momenta iTMit) is 
unnatural. Instead, we define the following momentum constraint, for M ^ 
p: 

MM{t) = TTMit) - 4>M{t) = 0. (6.10) 

The momentum constraint is second class in view of 

[MMit),MNit')] = -26MNS{t - t'). (6.11) 

Moreover, it does not commute with the dynamics and time constraints; 
rather 

[MM{t),£N{t')] = -i{6M,N+2+UJ^SMN)S{t-t'), 

[MM{t),TN{t')] = i{5MN5{t-t') + 5M,N+iS{t-t')). 
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It is convenient to perform a Fourier transform w.r.t. the trajectory 
parameter t. To avoid complications analogous to those in subsection 3.7, 
we should assume that the Fourier variable m is discrete, but zizLU belongs 
to the domain of m; this amounts to putting the system in a large box. 
However, we ignore this technicality here, and define 

/oo 

dm e^'"VM(m). (6.13) 
-oo 

The Fourier transformed fields satisfy the nonzero brackets 

[<pM{rn),7rN{n)]=i6MNS{m + n). (6.14) 

The constraints now become 

SMim) = 4)M+2{m) +uP'(i)M{m), 
T'Mim) = im(t)M{m) - (l)M+i{m), (6.15) 
Muim) = TTAf (w-) — im4)M{'m). 

Since the constraints for different values of m decouple, the Fourier descrip- 
tion is much simpler, and we use it for the rest of this section. The following 
linear combination of momentum constraints. 



Mk{m) = i-ik)^MM{m), (6.16) 



M=0 



satisfy 



where 



[Mk{m),Mk'{n)] = 2m6p{k,k')d{m + n), (6.17) 



Sp{k, k') = ^ [^^J^' = Sp{k', k). (6.18) 

Most of the constraints (6.15) and (6.16) are second class since A^fc(m) has 
nonzero brackets with fiv(w) and T/v(n); the exceptions are 

= MUi^), M-^ = M-^{-u). (6.19) 

It is readily verified that 

[M,Xm:),£N{n)] = -ii-ik)"" {-k^ + LU^)6m+n, (6.20) 
[Mk{m),TN{n)] = {-ik)^ {-m + k)5^+n, 

which vanish when m = k and k = ±uj. In particular, [■M±uj,£Nin)] = 
[M±oj,TN{n)]=0. 
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6.2 Solution of constraints 

From the time constraint, we find 4>M+i{'m) « imcpMim), i.e. 

^Mim) K {im)^^o{m). (6.21) 

On the other hand, the dynamics constraint leads to 

J(-w2)^/20o(m), if m even, 

[(-tj'^)^^'^ ^^/^^i(m), if m odd. 

Consistency then requires that 

(im)^+VoM + u?{im)^(l)Q{m) ^ 0, (6.23) 

which holds if m = ztu;. The momentum constraint then gives the expression 
for the canonical momentum, 'KMijn) ^ im(pMijn) ^ {im)'^~^^ ^0(171). There 
are many equivalent expressions in J^TCV which correspond to the same 
elements in V after the constraints have been taken into account. The 
independent solutions can be taken to be 

Ri (j)M{'^) ~ (^w)~-'^~-^7rM(w) 



2 

(-iu;)-*^0M(-^) « (-^u;)-^-i7rM(-u;) 
-(-iw)"^~^(7rM(-'^) - iiO(t)M{-'jj))- 



(6.24) 



Thus 



TrM{u>) « (ic^)^+'a^, 7rM(-^) « (-ia;)^+^a_^, (6.25) 
(j)M{k) « 0, TTM{k) f» 0, if 7^ ztw. 

The nonzero Dirac bracket between the independent solutions is as expected: 

[aa;,a_a;] = -1, (6.26) 

which shows that they behave as standard harmonic oscillators. The eval- 
uation of the brackets is simplest if we choose the last representatives for 
and a-^ in (6.24), because the these commute with all constraints and 
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hence there is no difference between Dirac and Poisson brackets. The natural 
Hamiltonian in J^HV reads 

P j'OO 

H = / dm im(()M{m)T^ M{—fn) . (6.27) 

It performs a rigid time translation of all histories, which in Fourier space 
amounts to a multiplication: 

[H, (t)M{m)] = m(j)M{m) [7i, TTM{m)] = rmTM{m). (6.28) 

In particular, it acts as follows on the constraint surface, 

[H,a^]=Loau,, [H,a-ui] = —<^a-uj, (6.29) 

and thus acts as the correct harmonic oscillator Hamiltonian. 

6.3 Cohomological formulation 

To employ the BRST formalism, we need to make all constraints (6.15) 
commute. To this end, we first discard all momentum constraints except 
Moj and M-oj, as defined in (6.16) and (6.19). These constraints commute 
with £M{'m) and TMim), but not with each other; instead 

[Mu„M-u;] = ap{io), (6.30) 

where 

1 - w2p+2 

ap{u) = -ap{-uj) = ap{u, -u) = 2Sp{u, -u) = ^ _ ^2 ■ (6.31) 

To rectify this, we introduce new variables and a-^j, subject to the 
nonzero CCR 

[a^,a-u;] = -CTpiuj). (6.32) 
The modified momentum constraints 

M'^ = M,, + a^, M'_^=M-u, + a-u„ (6-33) 

do commute with each other, and our full set of constraints is thus first class. 

To eliminate the dynamics and time constraints, we introduce fermionic 
antijets </>^(m) and (pMim), respectively, with canonical momenta 7r'^{m) 
and TtM{rn), and brackets 

{^^(m),7r^(ra)} = 5MNSm+n, {^M(?^),7riv(n)} = SMNSm+n- (6.34) 
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We note that (pM{m) only belongs to J^HV if M ^ p. Hence Sui'm) is 
defined for M ^ p—2 and TM{m) for M ^ p— 1, and so are the corresponding 
antijets. 

These constraints are not independent in view of (6.8). This leads to the 
secondary constraint, 

TiM{m) = (pM+2im) + u^cpMim) - im(f)*M{m) + (pli+iim)- (6-35) 

To deal with this, we introduce the bosonic, second-order antijet (/'^(?7i), 
with momentum 7f|^(m). Like TZMifn), it is defined for M ^ p — 3. Finally, 
it turns out that yet another expression will be BRST closed, namely Bm{'^) 
and t*^), where 

BM{m) = (plfim) + (pM+i{m) + im(pM{m), (6.36) 

which is defined for M ^ p — 2. To eliminate the corresponding unwanted 
cohomology, we introduce yet another bosonic antifields 9{lo) and 6(—lo) 
with momenta x{~'^) xi'^)- 

To summarize, we have introduced antijets and canonical momenta ac- 
cording to the following table: 



Field 


Momentum 


Parity 


Order 


Constraint 


(f)M{m) 


TTMi-m) 


B 


p 






7r^(-m) 


F 


p-2 


<Sm(w-) 


4>M{m) 


TTMi-m) 


F 


p — 1 




(t>*M{m) 


7f^(-m) 


B 


p-3 


7^M(m) 






B 


p-2 








B 


p-2 


Bm{-^^) 






F 




+ 






F 










B 







(6.37) 



The third column indicates the Grassmann parity (bose/fermi), and the 
fourth the order where the constraints have to be truncated. Note that 
there are only two momentum constraints irrespective of p. 
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The BRST charge is Q = Qd + Qt + Qr + Qb + Qm, where 

P-2 .00 



Qd 
Qt 

Qr 

Qb 
Qm 



^ ~ poo 

/ dm SM{m)iTM{-m), 

roo 

/ dm TM(m)TrM{-m), 

M=0-^-°° 

/ iTZM{m)7r%[{-m), 

p-2 

y^ (^m('^)xm(-'^) +.Bm(-'^)xm('^)), 

M=0 



Q acts one the jets as 6F = [Q, F]. For m 7^ ±a;, we have 



d(pM[m 

5(j)Mim 

STTMim 



(6.38) 



0, 

£M{m) = <j)M+2{'m) +u^(pMim), 
Tuim) = im^Mim) - (f)M+i{m), 

TZMim) (6.39) 
4)M+2{m) + iJ'4)M{m) - im4>lj{m,) + <p*M_^_i{m), 
^(7I"m-2(™-) + u}'^'n-*Mim) - imitMim) - 7tM-i{m)), 
imTt*M{m) + 7r^_i(m), 

0. 



The action on the momenta (ttmI^t-); ^m("^)) etc.) is only written down 
for generic values of M. For M close to 0, some terms in the RHS are not 
defined; if so, these terms are discarded. For = w^, say m = u, we have 
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instead 












5(t)*M{u)) 




54)m{i^) 


= im(f)M{i^) - <^M+i(t^), 




= <^M+2(t^) + u?4)m{oj) - im(t)\j{uj) + (t>*M+'i_{u), 




= (j)*M{ljj) + <^M+l(t^) + iiO^M{i^), 




= Mu) + (Xu,, 




= CTpiujhuj, 










57fM(w) 


= iT^*M-2i^) + ito^Tthi^) + XM-l(i^) + imxM{^, 




= 0, 




= 0. 



(6.40) 



To compute the cohomology, we first focus on the fields and ignore the 
momenta. Start with the time constraint. The kernel is generated by the 
functions (j)M{m), (5t^m('ti) = 0, and the image by the functions 4'M{'m), 
5x4) M{m) = TM{m). Since there are p + 1 functions 0Af(m) but only p 
functions 4'Mi'm-), one (/>Af (m) must remain in H'i{Qx)- Solving TMim), we 
see that it has many representatives in JPHV, namely 

Mm) ~ (im)-*^0Af(m). (6.41) 

We next consider the dynamics constraint. The kernel is generated by the 
functions 0m ('Ti), ^D<t>M{'ni) = 0, and the image by the functions 4>*j^{m), 
5D<l)*M{'rn) = EMifn). Since there are p+1 functions (l)M{'m) but only p — 1 
functions 4>*j^{m), two (pMim) must remain in H'l^Qo)- Solving SMim), 
their representatives in JPfiV are (po{m) and (pi{m), and 

f{-u')^/^Mm), if M even, 

Now consider the combined cohomology H'i{Qt + Qd)- The expressions 
(6.41) and (6.42) are clearly only compatible if m? = , i.e. m = zboj, and 
the cohomology is generated by (pw and which have the representatives 
in mV: 

(poj = (po{^) ~ (iu;)"^'^(/)Af (o;), 

(6.43) 
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All antijets vanish in cohomology. The only combinations which belong to 
the kernel are TZM{m) and Bm^^^^), but they are also exact. 

Now we turn to the corresponding momenta. The time constraint gives 



STTTp{m) = — j7rp_i(m), 
5TTTM{m) = mTTMirn) - i7tM-i{,m), 
STTTo{m) = m7fo(m). 



if 1 ^ M ^p - 1. 



(6.44) 



There are p + 1 functions iTMi'm) but only p functions dxT^Mi'm). All of 
the latter arc exact, but only p of the former can be non-closed, by linear 
independence. The linear combination which is closed is 



ST{Y,{-im)^7rM{m)) = 0. 



(6.45) 



M=0 



Analogously, the dynamics constraint gives 



-ITT, 



-ITT, 



p-2 
.* 

p-3 



(m), 
(m), 



—i(jj'^Trl{m) 
—i(J^'KQ{m). 



if 2 ^ M ^ p - 2, 

(6.46) 



There are p + 1 functions 7rM{m) but only p — 1 functions SoT^Mim). All 
of the latter are exact, but only p — 1 of the former can be non-closed, by 
linear independence. The linear combinations which are closed are 



fe(V(ia;)^7rM(m)) = 5z)( V(-za;)'^vrM(m)) =0. 



M=0 M=0 



(6.47) 



Combining (6.45) and (6.47) , we see that the only combinations which belong 
to the kernal of Qt + Qd are 



(6.48) 



M=0 
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These linear combinations satisfy the following brackets with the elements 
in (6.43): 

(6.49) 

It is straightforward to verify that these brackets are independent of which 
representatives for (f)^ and (j)-u} we choose from (6.43), and hence they induce 
well-defined relations in cohomology. 

The antijet momenta all vanish in cohomology, and hence H*i{Qiy + QT + 
Qr + Qb) = C{(pi^, (p-ui, T^wi T^-ui) with the Poisson bracket (6.49). Remains 
the momentum constraints, defined in (6.16) and (6.19). It is clear that they 
can be written as 

p 

= ^{-iu:)^{TTM{t)-iuJ(l)M{t)) 

M=0 

P 

^ T:^-iu:Y^{-iuj)^{iu:)^ct>^ (6.50) 

M=0 

= TTo; — iu5p{u, —u)(j)^, 

and similar for M.-ui- The relations (6.30) follow immediately from (6.50) 
The remaining part of the BRST operator reads 

Qm = {M^ + a^)7-a; + {M-uj + a-a;)7a;- (6-51) 

It acts as 

SmPuj = Mui + otui, ^xTo. = 0, (6.52) 

and analogously on the modes with index —to. The kernel is generated by 
= (7ra, + za;(5p(a;,-a;)(^a))+a;(A1a; + Qa;), 

(6.53) 

^-'^ = ^=^==(7r-a,-i'^5p(u;,-a;)(^_a,)+y(A1_a; + a-a;), 
^^2u)dp[uj) 

where x and y are arbitrary constants, multiplying terms belonging to 
im(5_A4- The operators a^^ and a-^^ satisfy the brackets [a^,a-J\ = — 1 
and are thus well-defined in cohomology. Hence the BRST operator (6.38) 
selects the correct phase space V = C{a^,a-u,) = H^i{Q). 
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6.4 Antijet constraints 

One may wonder why there is no antifield constraint in the jet formulation. 
The reason is that we have chosen to truncate the jet ^m('Ti) at order p. 
This forces us to truncate the time constraint TM{m) at order p — 1 and 
the dynamics constraint £m{^) at order — 2, and hence the corresponding 
antijets are truncated at the same orders. That there are fewer constraints 
than fields is clearly necessary in order to have solutions, and non- vanishing 
cohomology. However, if wc want we can add extra antijets, so that <j)*j^{rri) 
and 4)M{'m) are defined for all m, ^ m ^ p. Since the dynamics and 
time constraints are not a priori defined when they involve a jet (f)M{iTi) 
with M > p, we must choose new constraints which are compatible with 
the solutions. The introduction of new antijets then leads to linear relations 
between the constraints, which require further antijets to be cancelled. At 
the end, the cohomology stays the same. 

Let us see in detail how this happens. The constraints £M{rn) for M ^ 
p — 2 and TM{m) for M ^ p — 1 were defined in (6.15). Now define 

Tp{m) = im{(j)p{m) — {imy(f)o{m)), 
£p{m) = io\(f>p{m)-{iuj)P(f>o{m)), (6.54) 
£p-i{m) = LO^{(f)p-i{m) - {iLo)P~^(f)i{m)). 

For simplicity we assume that p is even, so that the relations ^p(m) Ri 
{iLo)P(f)o{m) and (j)p^i{m) ~ (ia;)^~^0i(m) should be implemented in co- 
homology. Wc introduce new antijets (j)p{m), (ppim) and (/)*_2(m), with 
momenta 7fp(m), 7r*(m) and 7r*_;^(m), to eliminate the new constraints. 

The constraints are no longer independent; rather, they are subject to 
the relations 



im)-^TM{m) = 0, 



p 

(6.55) 

^(iu;)-^^M(m) = ^(-iw)-*^^M(m) = 0. 

M=0 M=0 

Hence there are new expressions which belong to the kernel, namely 
p 



S{J2iirn)-^cl^M{m)) = 0, 

(6.56) 

S{J2ii^)-''<l>Um)) = <5(^(-za;)-^^;,(m)) = 0. 



M=0 M=0 
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To eliminate these expressions in cohomology, we introduce new antijets 

9{m), 6'!j_(m) and 9'*i{m), with momenta xi^)i X+(^) and x!.(m), respec- 
tively, and add the following term to the BRST operator: 

/OD / P 

dm (x(-m) ^(imy^cpMim) (6.57) 
■°° ^ M=0 

+ X*+{-m) j^{iu)-^<t>*M{m) + x*-{-m) j^i-iu^y'' <t^*M{m)\ . 

M=0 M=0 ^ 

The new antijets cancel in quadruplets, and we return to the situation in 
the previous subsection. 

6.5 Hamiltonian, involution, quantization 

The natural Hamiltonian in J^T-LV* reads 

P p-2 



/oo / P 

dm ( ^ im(f)M{'rn,)'KM{—'rn) + ^ m(t)\f{m)'K%j{—m) 
-oo ^M=0 M=0 

p-1 p-3 . 

+ ^ m(l)M{m)TtM{-m) + ^ im0;^(m)7f]^(-m) j . (6.58) 
7^=0 M=o ^ 

It picks out the Fourier variable, 

[H,(f)M{m)] = m(f)M{m), [H,TrM{m)] = mTTMim), 

(6.59) 

[n, (t>*M{m)] = m(f)*M{m), [H, 7r^(m)] = m7r^(m), 

etc. Since the cohomology generators are linear combinations of terms with 
m = ±u, the Hamiltonian (6.58) commutes with the BRST charge and acts 
in a well-defined manner on H*^ (Q) : 

[H,auj] = uoa^, [H,a^^S\ = -i^a-^j. (6.60) 

To quantize, we introduce a vacuum | O) which is annihilated by all negative 
frequency modes in JPTiV* , e.g. 

</'M(-m)|0) = 7rM(-m)|0) = <^l^(-m)|0) = 7r*M{-m)\0) = 0, (6.61) 

for all —TO < 0. We also have to divide the set of zero modes into creation 
and annihilation operators, but this choice is not important since only modes 
with m = zbo; will survive in cohomology. The physical Hilbert space is 
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identified with the quantum state cohomology H^^{Q), which is spanned by 
the vectors |n) = (l/-v/nl)o2|0); clearly, the Hamiltonian acts in the well- 
defined manner T-i\nj = nuj\nj, as appropriate for the harmonic oscillator. 
We define involution in J'^TiV* by m ^ — m, i.e. 

^M{m) (f)M{-m), TTMim) TTMi-m), (6.62) 

etc. Involution commutes with the BRST charge and sends H — ^ —H; 
hence it acts in the correct way on the physical phase space, a^^ and 
a^^ ttuj. If we denote the dual vacuum by (o| , we obtain the correct inner 
product (m|n) = dmn- 

We thus conclude that the quantum cohomology of the BRST operator 
(6.38) is a resolution of the correct Hilbert space of the harmonic oscillator: 
H^tiQ) = ^ ^iid ^stiQ) = for all ra / 0. This result is independent of the 
truncation order p. 

6.6 Keeping the observer's trajectory 

We now want to modify the analysis where we do not make the assump- 
tion q{t) = 1, but keep q{t) as a dynamical variable, subject to the Euler- 
Lagrange equation q{t) = 0. The total BRST charge is Q = + Qq, 
where (5</> is the field contribution and Qq is the observer contribution. Here 
Q(j, = Qd + Qt + Qr + Qb + Qm is given by (6.38), which written in t-space 
reads 

p-2 



Qd = Y I '^^ £M{t)TT*M{t), 

Qt = XI / TM{t)TtM{t), 

M=0 

Qr = J2 h^* inM{t)rM{t), (6.63) 

p-2 

Qb = X (^m(w)xm(-w) +^m(-'^)xm(w)), 

M=0 

Qm = {Mu, + au,)^-u> + {M-oj + a-u,)ju>, 
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where 



£M{t) = (j)M+2{t) +Ul'^(t>M{t), 
Tuit) = <j)M{t) - qit)4'M+iit), 



(6.64) 



and M^±u) and ^^(i^^) are unchanged. Qg = Qd + Qa + Qm was written 
down in (4.10). 

The Fourier transform (6.13) no longer makes sense, because it is q{t) 
rather than t which is the physical time variable. Instead, we make the 
ansatz 



/oo 
dm e^-«(*)</.M(m). 
-oo 



(6.65) 



If follows that 



£M{t) 
TM{t) 

7^M(^) 

Muit) 



/oo 
dm e^"^«(*)fM 
-oo 

/oo 
dm g(t)e'"^«WrM( ml, 
-oo 

/oo 
dm g(^)e*™'^W7^M(m) 
-oo 

/oo 
dm qit)e'""^^''^MMini 
-oo 



(6.66) 



where £M{m), TM{m) and M-Mi^nn) where defined in (6.15) and 7^M('T^) was 
defined in (6.35). q{t) and hence exp(imq(t)) have zero weight under repara- 
metrizations, and q{t) transforms as a density of weight 1; hence wt£^M(0 = 
and wt TM{t) = wtTZMit) = 1. We introduce antijets with the same 
weights as the corresponding constraints, i.e. wt(l)*j^{t) = 0, wt^M(i) = 1, 
and wt^;|;^(t) = 1, e.g. 



it) 



dm q{ty""i^^M{m). 



(6.67) 



The weights of the canonical momenta are one minus the weight of the 
corresponding field, i.e. wt7rM(i) = 1, wt7r^(t) = 1, wt7fM(i) = 0, and 
wt7f^(i) = 0. In particular. 



/oo 
dm g(t)e'™'?W7rM(m) 
-oo 



(6.68) 



53 



Using that 



S{q{t)-q{t'))=q-\mt-t') 



(6.69) 



and the properties of the Fourier transform, we show that the CCR 
[(pMifn), 7rjv(n)] = i6MN^{fn + n) lead to the expected brackets 

[(t)M{t),T^Nit)]= idMN^t -t'). 

When expressed in terms of the Fourier variables ^M{rn), 0^(m), <j)M{rn) 
and (l)\j{rn) and their momenta, the BRST operator exactly reproduces 
the BRST charge (6.38) in subsection 6.3. The analysis in that subsection 
thus applies, and we obtain a phase space Vcf, with C{V^) = H^i{Q^) = 
C{aLj,a-ij), as in (6.53). However, we also have to take the observer's tra- 
jectory into account. According to the analysis in subsection 4.3, the space 
of functions over the observer phase space Vq is C{Vq) = H^i{Qq) = C{u, s), 
where the observer's velocity and position satisfy the CCR [u, s] = i. Hence 
the total phase space Vtot = V,f, + Vq has the function algebra 

C{Vtot) = H^dQ4> + Qi) = C{a^, a.^,u, s) = C{V^) ® C{Vq). (6.70) 
6.7 Hamiltonian and the observer 

In the previous subsection we computed the cohomology of the total BRST 

charge Q = Qtot = Q(t> + Qq, but we did not specify the Hamiltonian. A 
first guess would be to take the total Hamiltonian Htot = Ti-^ + 'Hg, where 



Htot commutes with the total BRST operator Qtot- [Qtot,T^tot] = 0, 
and would therefore seem as a good candidate Hamiltonian. However, it is 
not want we want, because it commutes with the fields. 



'0 

■<t> 





'T. dt -4>M{t)TtM{t) +J2 dt -rJ*M{t)rM{t). 



(6.71) 



[Htot, (p{x)] 



= I] 1iTj('^M(t)-g(i)0M+i(t))(x-g(i)) 



M 



M=0 

d , . 



(6.72) 
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in view of the time constraint TM{t). Instead, the natural generalization of 
the physical Hamiltonian would translate the field (p{x) in the time direction, 
i.e. in the direction of q{t). Natural candidates would be are —Hq, since 

[Hi (t>{x)] = i-n^g, </.(x)] = -iqim'i^)- (6-73) 

The physical interpretation of this relations is that the physical Hamiltonian 
translates the fields relative to the observer, or vice versa. 

Unfortunately, the operators are —Hg are not separately well defined 
in cohomology. Since 

[n%SM{t)] = -iSM{t), 

[n%rM{t)] = -ifM{t)-iq{t)^M+i{t), (6.74) 
[H%TlM{t)] = -iRM{t)+im(l>M+i{t), 



we see that 



[n^Qx] = -iY, j dtq{t)<t>M+l{t)TtM{t), 
KM = JdtqmM+i{t)^M(.t). 



(6.75) 



M=0* 



Hence [7^0, Q^] = [H^, Qt + Qr] + 0, and n\ is not BRST closed. To fix 
this problem, we add two more terms to the Hamiltonian: 



H\ = -i^ dt q*{t)4>M+i{t)'KM{t), 

P-3 „ 



(6.76) 



M=0' 

Since [q*{t),Q(i] = —Q{t), we verify that 

[nl,Qg] = -K,Qt], 

[HlQg] = -[n%QR], (6.77) 
H^Qr] = -[HIQd]. 
Hence = TY^ + 7^1 + 7^2 -g gj^grp ^j^gg^. 

[n^, Qtot] = [Hi Qt + Qr] + [Hi, Qr] + [Hi, Qd] = 0. (6.78) 
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The physical Hamiltonian acts on the modes (6.65) as 



(6.79) 



i.e. the mode label m is nothing but the physical energy. In particular, the 
physical oscillators and a^^ carry energy co and —cj, respectively: 



6.8 Quantization 

With the phase space and Hamiltonian at hand, we can now proceed to 
quantization. We first divide the extended history phase space J^TiV* = 
JPHV+ e JPHP*_ into positive and negative parts, where J'^HV*^ is gener- 
ated by modes (6.65) with m > and JP'HV*_ by modes with m < 0. As 
usual, there is some ambiguity with zero modes, but this is not important 
because it does not affect the physical modes with m = ±w. Involution 
replaces m and —m and thus exchanges J^HV*^ and JPHPt- The vacuum 
|0) is mapped onto the dual vacuum ^0|, which is annihilated by positive 



We must also introduce some quantization prescription for the observer's 
trajectory and associated antijets. After this, the constraints are imple- 
mented by passing to the quantum BRST state cohomology, which becomes 
our Hilbert space. 

If we choose a quantization for the observer's trajectory such that s = qo 
annihilates the vacuum, the total Hilbert space becomes 



Sjtot = H'^tiQ<t> + Qq) = C{au>, u) = C(a^) C{u) =S)^® Sjq. (6.81) 



We thus recover the correct Hilbert space for the harmonic oscillator, S^^ = 
C{a factor in the total Hilbert space. There is another factor C{u) 

which is the Hilbert space for the observer's trajectory, but it does not 
influence calculations in C{a^j). QJT is hence equivalent to the standard 
quantization of the harmonic oscillator. 

6.9 Repcirametrization 

The parameter t, which labels the points on the observer's trajectory, only 
becomes physical once the observer's equations of motion q(t) = are taken 
into account. Instead, we can follow the route in subsection 4.7 and intro- 
duce an einbein e{t) ^ q~^{t)- The observer's dynamics constraint (4.2) is 



(6.80) 



modes. 
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replaced by (4.59), ^'qjdT^ ^ 0. The reparametrization algebra tiect(l) acts 
on the fields (t>M{t), T^M{t), etc. E.g., 



[Lf,(t>M{t)] = -f{t)4>M{t), [Lf,TTM{t)\ 



J^{l{t)^M{t)). 



(6.82) 



The reparametrization weights A of thep-jets and their antijets and momenta 
is given by the following table; in addition, tiect(l) also acts on the observer's 
trajectory as in (4.62). 



Field 


Parity 


A 


Momentum 


A 




n 




c 


4>M{t) 


B 







1 


P 


+ 


1 


2{p + l) 




F 







1 


P 




1 


-2{p-l) 


(t>Mit) 


F 


1 


1TM{t) 







P 




-2p 


4>*M{t) 


B 


1 


^m(0 





P 




2 


2{p - 2) 


Pk 


F 




Ik 














Oik 


B 




Ol-k 















(6.83) 



In the last two columns, the number of components and the corresponding 
value of the central charge c are listed; note that the truncation order p = n— 
1. The normal-ordered reparametrization operator is L{t) = L'i{t) + L'^{t), 
where L'i(t) is the contribution (4.64) from the observer's trajectory and its 
antifields, and 



Lf{t) 



p-2 

E ^'^m(*)^m(*): 

M=0 

d d 



p 

i--<t>M{t)iTM{t): 

M=0 

p-l 

dt 



(6.84) 



M=0 



M=0 



Wc noted in (4.62) that L'^{t) generates a ccnterless Virasoro algebra when 
ghosts are taken into account. The central charge of L'I'it) also vanishes, 
because 



C0 = 2(p + 1) - 2{p - 1) - 2p + 2(p - 2) = 0, (6.85) 

and hence the total reparametrization generators L{t) satisfy a Virasoro 
algebra with c = 0. There is no obstruction to the elimination of repara- 
metrizations. 
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7 Free scalar field in Quantum Jet Theory 

7.1 Definition of constraints 

We now turn to QJT(p) for the free field in d spacetime dimensions, which 
differs from the harmonic oscillator only in that the field ^(x) is defined 
for X rather than x G M. The observer's trajectory q^{t) is now an 

operator-valued curve in W^, and the Taylor series (6.1) is replaced by 

<t>{x)=Y.^Mt){x-q{t)r. (7.1) 

M 

We employ standard multi-index notation. M = (Mq, Mi, Mrf_i) is a 
multi-index of length \M\ = Z;J=o^m' = Mo!Mi!...Md_i!, and {x - 
q)M = (a;0 - gO)^o(x^ - q^)^K..{x'^-^ - g<i-i)^d-i. Moreover, the notation 
is an abbreviation, meaning that the sum extends over all M such that 

\M\ ^ p. 

The history phase space J^TiV is now spanned by the observer's tra- 
jectory q'^{t) and its momentum Pn{t), and the Taylor coefficient functions 
(f)M{t) and iT^{t) for ^ |M| ^ p. The nonzero Poisson brackets are 

[q^{t),p.{t')] = i5^J{t - t'), [MtWit')] = iSZS{t - t'). (7.2) 

We assume a fiat, Minkowski metric 77^^ with inverse rj^'^ . By symmetriza- 
tion, it induces a metric rjuN for the jets, which we use to lower all jet 
indices: 

[q^{t),p^{t')] = i7]^^6{t - t'), [<^M(i),vrjv(t')] = iVMN^it - t'). (7.3) 
The dynamics constraint, 

Six) = d^'d^(f)ix) + J^(t>{x), (7.4) 
turns into the following hierarchy: 

£M{t) = ^?7''>M+M+^(0+'-'^'^M(i) 

(7.5) 

where /x denotes a unit vector in the /Lt:th direction, and 77^ = -|-1 for = 

and r/^j = —1 for ^ = 1,2, — 1, i.e. r/^j = r/^^ (no sum on ^). Since 
(pM{t) is only defined for \M\ ^ p, Suit) is defined for \M\ ^ p — 2. 
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The time constraint reads 

TM{t) = 4>M{t) - r{t)<pM+^.{t). (7.6) 

TM{f) is defined for |M| ^ p — 1. For the harmonic oscillator, we could 
make the assumption g(t) = 1. Wc could try to impose a similar condition 
in higher dimensions, i.e. (l^{t)q^(t) = 1, but it is preferable to keep man- 
ifest reparametrization invariance as in subsection 4.7. Again, we have a 
redundancy between the dynamics and time constraints, corresponding to 
(6.8). This redundancy is most easily expressed if we assume that q^{t) = 1, 
q'{t) = for ah i > 0: 

d-l 

4>M+2di't) ~ ^M(t) ~ Y 4'M+2i{t) + J^(t)M{t). (7.7) 

i=l 

We choose the momentum constraint, for all |M| ^ p, to be 

MM{t) = TTMit) - J^'pMit) = 0. (7.8) 

Compared to the analogous expression (6.10) for the harmonic oscillator, 
we have included a factor 1/M! in order to make M.M(t) Lorentz covariant, 
cf. subsection 7.6 below. M.M{t) neither commutes with itself nor with the 
other constraints; rather 

[MM{t),£N{t')] = -iCy^^r]fj,r}M,N+2n + uP"r}MN)8{t - t'), 
[MM{t),TN{t')] = i{r]MNS{t-t') + Y,^''it')^M,N+Ai-t')), 

[MM{t),MN{t')] = -^mNS{t-t')- (7.9) 
The linear combinations 

p 

Mkit) = Y{-ik)^MM{t), (7.10) 

M 

commute with the dynamics constraint provided that k'^ = uP' . Finally, the 
expression 



Mk = j dt e'^ 'i^*^ Mk{t) 

= J2i-ik)^ / dt e^'=-«W>fM(t) 



(7.11) 
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commutes with the time constraint as well. However, M.k for different values 
of k do not commute among each other; instead 



[Mk,Mk']=apik,k') = -apik',k), (7.12) 

where 

ap{k,k') = {k'^-k^)Sp{k,k') J dtr{t)e'^'''''''^-''^'\ (7.13) 

Sp{k,k') = 5p{k',k) = Y,^-^k^(kT- (7.14) 

M 

The integral Mk commutes with all dynamics and time constraints for all 
on-shell values of k, but not all such operators are linearly independent. 
This is clear because M.k is linear in the jet momenta irMit) with |M| ^p, 
and there are only (^'^^) such values of M. In fact, there are fewer. As we 
will see below, the dynamics constraint leaves (j)M{t) with p — 1 ^ \M\ ^ p 
undetermined. Since there are 

such values, we pick Vp^^ values ki and define an index set 

lC = {kiM,-,kr^,A- (7.16) 

The precise values of the ki are immaterial, as long as kf = uP' and the ki 
are linearly independent. We will assume that all components /cf / 0, so 
that we can define k'^^ = n^(^f)^^^'' without problems. Moreover, we 
assume that if /c G /C, then — A; G /C, so that the Kroncckcr delta ^k^k' is not 
identically zero. If we specialize to one dimension, r^^i = 2, and the index 
set /C = {w, — w} corresponds to the momentum constraints M.uj and M.-uj 
for the harmonic oscillator. 

Finally, we must also introduce constraints for the observer's trajectory. 
We assume that the observer behaves as a free particle, i.e. that it is subject 
the dynamics constraints £^%t) = q^{t). 



7.2 Cohomological formulation 

To employ the BRST formalism, we need to make all constraints commute. 
To this end, we first discard all momentum constraints except Ai^, k £ 
/C. k is restricted to belong to the index set (7.16). These constraints 
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commute with f^jv^(m) and TM{m), but not with each other. To rectify this, 
we introduce new variables a{k) for all k e K., subject to the nonzero CCR 



[ak,ak'] = -ap{k,k'). 
The modified momentum constraints 

M'k = Mk + ak, 



(7.17) 



(7.18) 



do commute with each other, and our full set of constraints is thus first class. 

To eliminate the dynamics and time constraints, we introduce fermionic 
antijets as in (6.34). The reducibility leads to the extra constraint 



(7.19) 



To deal with this, we introduce the bosonic, second-order antijet ^^(t). 
Like TlM(t), it is defined for |M| ^ p — 3. Finally, wc introduce a pair of 
fermionic antifield f3k, 7fc for the momentum constraint A4k- 

To summarize, we have introduced antijets and canonical momenta ac- 
cording to the following table: 



Field 


Momentum 


Parity 


Order 


Constraint 


^M(i) 




B 


P 




tut) 




F 


p-2 


£M{t) 


(t>M{t) 




F 


p — 1 








B 


p-3 


nM{t) 


h 


7-fe 


F 




Mk 


Oik 




B 







(7.20) 



The third column indicates the Grassmann parity (bose/fermi), and the 
fourth the order where the constraints have to be truncated. The number of 

momentum constraints is finite and equals Vp^d = dim/C, whereas the other 
constraints are linearly infinite (there is one constraint for each t G M). 
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The BRST charge for the field ^(x) is Q^p = Qd + Qt + Qr + Qmi where 

Qd = J2 SM{t)Tr*M{t), 

M 

Qt = ^ dt TM{t)TtM{t), 
M •' 

P-3 „ 

Qr = XI / ^7^M(^)7fl^(^), 



keK. 



acts as SF = [Q^, F]. 



1-k, 



(7.21) 



keK 

Spk = Mk + ok, (7.22) 

(^7fM(t) = E^/^*M-2m(*) +^^*m(0> 

STr*M{t) = Sjk = 0, 
k'eic 
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As in (6.39), we only write down the RHS for generic values of M. If \M\ 
is sufficiently small, we replace 7r^f_2^j(*) ^M-2fi(^) ^^^^ (^^ -'^M ~ 
0,1), and TTM-f^it) and vfjf_^(t) by zero (if = 0). Conversely, if M 
is sufficiently large, we replace 7r|^(t) (if |M| = p — l,p), TtM{t) 
(if \M\ = p), and 7f^(t) ^ (if p - 2 ^ |M| ^ p). Moreover, the 
BRST charge also receives contributions from the observer's trajectory. As 
explained in subsection 4.1, we must then introduce further antifields q*{t), 
9q, 9'^, I3j^, a° , and their conjugate momenta. The observer BRST charge 
is Qq = Qd + Qa + Qrm ^s defined in (4.10). Hence the total BRST charge 
is Q = Qtot = Q4, + Qq, and it acts on the extended history phase space 
JPHV which contains all relevant antifields and antifield momenta. 

7.3 Solution of constraints 

To compute the cohomology, we make the simplifying assumption q'^{t) = 
if /X 7^ 0. We can then write 



This assumption clearly breaks manifest covariance, since it singles out the 
component (t) among the q^^ (t) . Moreover, we will argue below in subsec- 
tion 7.8 that this assumption is unphysical, although it implicitly underlies 
conventional quantization of fields. Nevertheless, equation (7.23) leads to 
great simplifications, and therefore we investigate it here. 

Since q'^{t) and hence exp(img'^(t)) has zero weight under reparametri- 
zations, wt0M(i) = 0. As an example of an object which transforms as a 
density, we quote 



The weights A of the different fields and momenta is listed in the table below: 




(7.23) 




—00 



(7.24) 



Field A 



Momentum A 



Constraint A 



^M{t) 1 



TTM{t) 1 

TTMit) 



1-k 



£M(t) 

7^M(^) 

Mk 




1 
1 



(7.25) 



Oik - 



oc-k 
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The antifields associated to the momentum constraint transform trivially 
under reparametrizations. 

The 4> part of the BRST charge now becomes Q<^ = Qd+Qt+Qr + Qm^ 
where 

p-2 



Qd = ^ dm EM{m)'KM{m), 

M 

P-l /-oo 

Qt = ^ dm TM{m)TtM{m), 
Qr = ^ dm iTZMim)7r%[{m), 

J —OO 



(7.26) 

£m (m) = ^ 4'M+2fM {m) + J^4>M (m) , 
Tuim) = imcpMim) - (f)f^_^^{m), 

T^M (t) = 4>M+2tx (m) + J^4>M (m) - im4>*M (m) + (m) . 

We first focus on the time constraint, which acts on the relevant fields as 

5T(t>M{m) = 0, \M\ ^p, 

(7.27) 

5T4>M{m)=TM{m), |M|^p-l. 

(pMim) belongs to the kernel and STtpMim) to the image. Counting the 
number of components, we find that dimkerQ-r = ('^^^) and dimimQ^ = 
('^+^-^), and hence 

--s(Q.)=(^r)-(^-r^r:!r)- (-) 

The solution to the constraint 7m (m) ~ is 

(l>M{m) « (^m)^>(o,M)(H = {im)^°4>M{m), (7.29) 

where multi-indices have been decomposed into temporal and spatial com- 
ponents, i.e. M = (Mo, M). The set of (j)m{'m) = <?!>(o,m) ('^) thus constitutes 
a basis for H^{Qt)- 
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Qt acts on the conjugate momenta TTMi'm) as 



STTTM{m) 



-iTt^_Q{m) if Mo ^ 1, |M| =p, 

mTTMim) - m^_o(m), if Mq ^ 1, |M| ^ p - 1, 

0, if Mo = 0, |M| =p, 

mTTMim), if Mo = 0, |M| ^p- 1. 



(7.30) 



The kernel is spanned by 

p-|M! 

n-Mim) = ^ (-im)*^°7r(Mo,M)("i), (7.31) 
Mo=0 

STT^Aiifn) = 0. These vectors also span H^^iQx), because the image is empty. 
We verify that the bracket is well-defined in cohomology: 

[(pM{m), 7rN(n)] = ^?7MN5("^ + n), (7.32) 

irrespective of the choice of representative for 0m (w-) in (7.29). The corre- 
sponding antijet (pMifn) ker^T; and its momentum WMi'm) G iiaQx, and 
hence both vanish in cohomology. 

We next turn to the dynamics constraint, which acts on the relevant 
fields as 

SD<i)Mim) = 0, |M| ^p, 

(7.33) 

5D(l)M{m)=SM{m), \M\^p-2. 

(pMiiTT,) belongs to the kernel and 5£i(/>^(m) to the image. Counting the 
number of components, we find that dimkerQx) = ('^^'^) and dimimQj) = 
C^^+P-^), and hence 

dimi^0(g,)=(^7)-(^ + ;;-^)=.„.. (7.34) 

The solution to the constraint £"M(?n) ~ is 

(l>M{m) ^ rin (t)M+2n{m). (7.35) 

Repeated use of this relation expresses 4>M{jn) in terms of (pNim) with 
|A^| = p — l,p, which we can choose as a basis for H^^iQf)). Clearly, the 
number of such fields equals dim H^i{Qd) computed above. 
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Qd acts on the conjugate momenta iTM{fn) as 

SoT^Mim) = i( ^ 'n^TT*M_2^,{m) + L0^T:*M{m)), if|M|^p-2, 

= i 1] ??m^m-2m(H, iip-l^\M\^p. (7.36) 

Any vector of the form 

p 

nk{m) = ^{-ik)^7rMim), = (7.37) 

M 

belongs to the kernel, doT^kimn^) = 0. However, not all 7rk{m) can be linearly 
independent, since there are infinitely many such vectors, and only finitely 
many functions 0m(w-)- Since ttm{t^) iniQ/j, a linearly independent 
subset with r^^^ elements of the vectors iTk{m) in fact form a basis for the 
momentum part of H^i{Qd) as well. The natural choice is to take r^^d vectors 
ki G /C, where the index set /C is the same as in (7.16). A basis for H^i{Qd) 
is thus given by (pM{rn), p — 1 ^ \M\ ^ p, and ^Tk^{m), ki G /C. We verify 
that the bracket is well-defined in cohomology: 

—uj'^[(f)M(jn),'^k{n')] = —iuj'^{—ik)^S{m + n) = 

(7.38) 

['^r]fi(t>M+2iM{rn),Trk{n)] = -i'^rj,^k^''{-ik)'^ 5{m + n), 

because r]^ k'^'^ = k'^ = uj"^ for all fc G /C. 
Combining (7.29) and (7.35), we obtain 

(a;^ - rr?)(t)m{m) ^ ^ (l)M+2i{m). (7.39) 

i 

A suitable representative for the (f)M{rn) are 

4>k = Y.^,{-i^)^<t>m{k^), (7.40) 

M 

where k = (feo,k) G /C, and kl = +0;^. Combining (7.31) and (7.37), we 
find that 

p p— |M| p 

7rfc = J](-ik)M (-zfco)^°7r(Mo,M)(fco) = EHk)M7rM(fco) (7.41) 

M Mo=0 M 
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belongs to kei Qt + Qd- They satisfy the bracket 

[(t>k,M=Mk.k'), (7.42) 

where dp{k,k') was defined in (7.14). 

The purpose of the BRST charge Qji is to eliminate the unwanted co- 
homology TZMim). Finally, we turn to the momentum part. Note that in 
view of (7.40) and (7.41), the momentum constraint can be rewritten as 

Mk = TTfc - ikocpk, (7.43) 

which leads to the CCR 

[Mk,Mk'] = koSp{k,k') - k'o6p{k',k) = ap{k,k'). (7.44) 

This is the same as (7.12), since we made the assumption q^{t) = 5q in 
(7.23). The analogous change is made in the CCR for a{k): 

[ak, ak'] = -CTpik, k') = ap{k', k). (7.45) 

Qm acts on the remaining fields as 

5M(t^k = -ilk, ^M'^k = -kolk, 
SMPk = '^k--iko<f>k + ak, f^MTfe = 0, (7.46) 
^MO^k = CTpik, -k). 

The kernel is generated by 

'^k = I ,: -i'n-k + iko(f>k) + XkMk, (7.47) 

^/ap{k,-k) 

where the Xj. arc arbitrary constants. These oscillators satisfy well-defined 
brackets in H^i[Qm)'- 

[ak,ak']= 5k+k', (7.48) 

which of course is the standard oscillators for the free field. Note that 
the Ofc are not defined for all fc, but only for fc G /C. Hence we have 

not obtained a resolution for the whole physical phase space V (or rather 
its (p part V^)^ but only for its jo-jet approximation, which wc denote by 
J^Vff,. The corresponding function algebras are C{'P(j)) = C({afc}fc2=^^2) and 
C{JPV^) = C{{ak}k&ic), respectively. This is not surprising, since passing 
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to p-jets amounts to a regularization. The classical cohomology gives a p- 
jet approximation to the correct phase space for the free field. In the limit 
p ^ CO, the index set K, densely fills the surface fe^ = w^, and the correct 
classical theory is recovered. 

The history phase space J'^HV* , from which we started, also depends 
on the observer's trajectory, and hence the total phase space has the form 
V = Vtot = V^f, ® Vq. The corresponding function algebra should be 
C(P) = C{V^) (Si C{Vq). However, there is a catch. Underlying the ansatz 
(7.23) is the assumption that the spatial components of the observer's tra- 
jectory vanish, q'^{t) = for i = 1,2,3. As we will discuss in subsection 7.8 
below, this assumption becomes very dubious after quantization. However, 
we only used it to explicitly compute the cohomology. The history phase 
space J^HV* and the BRST operator Qtot = Qcp + Qq are defined without 
reference to this assumption. 

7.4 Hamiltonian and quantization 

As in for the harmonic oscillator, subsection 6.7, we define the Hamiltonians 

P ^ P-2 



K = Y.I dt MtMt)-iY I dt ^hitKMit) 

M M 

-'Y dt -rjMit)7tMit) + Y / dt -TA*Mit)nh{t), 
K = -'J2 dt ^g^(t).^M+M(i)7rM(t), (7.49) 

nl = iJ2 f dt E^^W'^WmW^mC*), 

nl = j dt e{t)p^{t) -ijdt q^it)plit). 

There are two Hamiltonians which commute with the total BRST operator 
Qtot = Q<p + Qq'- the total Hamiltonian Htot = + and the physical 
Hamiltonian Hfj, = H° + + H^. Htot translates both the jets and the 
observer, and hence the fields remain unchanged: [Ti-TOT, (f>{x)] = 0. In 
contrast, H^p translates the fields relative to the observer, 

[H^, (/.(x)] = -iJ2 r(.t)d^4>{x). (7.50) 
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The proof is exactly as for the harmonic oscillator, except for the appearence 
of some indices. E.g. 



[n%TM{t)] = -ifM{t)-iY,r{mM+t.{t). (7.51) 

The second term leads to [H^^Qt] 7^ 0, but since [g*(i),(5d] = —q^{t), this 
contribution is cancelled by [H^,Qd]- As for the harmonic oscillator, 

m%Q,] = -m%QR], (7.52) 
[KQr] = -[HIQd]. 

and the physical Hamiltonian TY^ = + + is a BRST closed ob- 
servable. 

We now quantize in J^HV* by declaring that all modes with negative 
m annihilate the vacuum |0). We must also choose some representation for 
qi'it) andp^(t). 

Let us now discuss some critical issues about the cohomological con- 
struction of the physical phase space in subsection 7.3. To compute the 
cohomology, we made the ansatz (7.23), which amounts to the assumption 

q^{t) = l, q'it) = 0, Vi = l,2,...,d- 1. (7.53) 

However, the observer's trajectory q'^{t) u^t + s^ in H'^{Qq). After quan- 
tization, and s*^ become quantum operators, subject to the CCR 

where we have reinstated the observer's mass. Equation (7.53) means that 
we assume that the velocity u^^ has a well-defined value, which in view of 
(7.54) means that the position is completely undetermined. This is not 
a disaster for the free field, but an interacting we generally expect q^{t) to 
couple to the field (j){x). Only in the limit Mobs oo does the RHS of (7.54) 
vanish, and and become c-numbers. 

Note that the dubious ansatz (7.23) is necessary to recover the p-jet 
approximation to the correct QFT Hilbert space Sj. This shows, or at least 
strongly suggests, that QFT implicitly contains the assumption Mobs = oo. 
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7.5 Reparametrizations 



We proceed in analogy with the treatment of the harmonic oscillator in 
subsection 6.9. The jets have reparametrization weights A given by the 
following table: 



Field 


Parity 


X 


Momentum 


A 


Order 


<pM{t) 


B 







1 


P 




F 







1 


p-2 


(t>M{t) 


F 


1 


Ttuit) 





p — 1 




B 


1 







p-S 


Pk 


F 




Ik 






ak 


B 











n 







_ 2 (d-+P 



-2 
2C 



d 

d+p-l\ 
d 

<i+p-3\ 



(7.55) 









We have also listed the truncation order, the number of jet components n, 
and the corresponding value of the central charge c. After normal ordering, 
the reparametrizations generators satisfy a Virasoro algebra with central 
charge 

'd + p-l\ _ Jd + p-2,^ 
d-1 / V d-1 



= 2 



= 2 



(7.56) 



There is a significant difference between the harmonic oscillator, i.e. d = 1, 
and the free field in c? > 1 dimensions. When d = 1, c,^ = 0, and the repara- 
metrization algebra is anomaly free. It is therefore possible to eliminate 
reparametrizations by adding ghosts as in subsection 4.7. In contrast, > 1 
when d > 1. This is not by itself devastating, because the Virasoro algebra 
has unitary lowest-weight representations for all c > 1, so unitarity is not 
necessarily lost. However, it means that it is not possible to eliminate repara- 
metrizations. 

What one could hope for is to eliminate reparametrizations for all jets 
with \M\^p- 3. If we replace (6.84) by 

-3 

W(i)7rM(i): + ■'PliitKMii)- 



M 



d . 
+ '-dt' 



>M{t)'KM{t): +i--^<p*M{t)Tr*M{t): 



(7.57) 



the counting now becomes 



^d + p 
. d 



d + p 
d 



d + p 
d 



d + p 
d 



0, 
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and the repaxametrizations L^{t) = L^(t) + LQ(i) can be cancelled by adding 
a term Qc of the form (4.63) to the BRST charge. This would leave the piece 

p 

Lfit) = Yl ^■■Mt)^M{ty.+ Yl ■■'i>*Mit)^*Mity- 

\M\=p-2 \M\=p-2 

(7.58) 

p-1 ^ _ ^ ^ 

+ Y ■-j^4>M{t)nM{ty., 

\M\=p-2 

which also generates a Virasoro algebra, with central charge given by (7.56). 
Because of the anomaly, the operators Lf(t) do not generate a gauge sym- 
metry after quantization. Instead, they act as global symmetry generators 
on the physical Hilbert space. 

On closer scrutiny, however, the idea to eliminate only jets with \M\ ^ 
p — 3 does not seem to work. To see what goes wrong, consider the dynamics 
constraint alone. It is then enough to remove jets with p — 1 ^ \M\ ^ p 
from the reparametrization generators, which now acts as 

_i-f{t)4>M{t), \M\^p-2 
[0 p-l^\M\^p 




fit)£Mit) + fit)Zi,r]^.^M+2^it), ifp-3^ |M| 
■f{t)SM{t) if|M|^p-4. 

When calculating [L^^,Qd], terms with \M\ ^ p — 4 are not affected by the 
modification and vanish as before, and hence 

[L%Qd]= dt f{t)Yv>.4>M+2i.{t)7r*M{t). (7.60) 

\M\=p-3-^ H 

To eliminate this term, we would need to introduce a term 

L} = J2 dt f{tWM{t)'K*M{t) (7.61) 

|M|=p-3"^ 

to = + L^. But this brings back antijets with \M\ ^ p — 3, which 
give rise to infinite anomalies in the p ^ oo limit. Hence it appears that it 
is impossible to eliminate part of the reparametrizations. 
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A different, and even more disturbing, problem is that the central charge 
diverges in the field limit p ^ oo. The origin of this difficulty is that in a 
true p-jet approximation to the physical Hilbert space, all functions of t 
should be eliminated in cohomology, leaving only finitely many degrees of 
freedom. However, the time and dynamics constraints are unable to do this, 
because they are not defined for |M| = p and \M\ = p — l,p, respectively. 
There is thus a net surplus of bosonic functions of t (c0/2 of them). 

Similar anomalies which diverge when p — > oo also arise for diffeomor- 
phisms and gauge symmetries, as we discuss in subsection 8.6 below. The 
proper treatment of these infinites remains obscure to me. 

7.6 Poincare algebra 

The Poincare algebra is generated by Lorentz transformations J\ and trans- 
lations Pe, subject to the brackets 

[^A,^A'] = ^[A,A'], [JA,Pe]=PAe, [Pe,Pe']=0. (7.62) 

Here A^i, = — A,^^ and are constants, and 

[A,A'U = A,%,-A,%^, 
(Ae)^ = A^^s^. 



(7.63) 



We consider Lorentz rotations around the observer's trajectory. Hence the 
Poincare algebra is realized by 

, — = A.fc-A, 



Jk = A^,(x^-(?^(0)^=A^,fc^: 



d 

From the action on the field 0(x), 

[Ja,0(x)] = -A^,{x^^-q^^{tW4>{x), 

[P„0(x)] = -ei'd^(t>{x), 
its follows that the Poincare algebra must act on p-jets as 

[^A,</>M(t)] = XI H ^f^^t^'^^'^^M+ix-u{t), 



(7.64) 



(7.65) 



(7.66) 
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In particular, we note that the Lorentz transformations preserve the jet order 

in the sense that [Jai (f'Mit)] is a hnear combinations of terms (f>N{t) with 
|A^| = |M|. Note that the sums in (7.66) only extend over ^ and such that 
the terms in the RHS exist as p-jets. From the CCR [4'M{'t),'^Nit')] = const. 
it follows that the jet momentum must transform as 

(7.67) 



The behaviour under Lorentz transformations is compatible with the identi- 
fication TTMit) ~ {l/M\)(j)M{t), which motivates the factor 1/M!. However, 
the action of Pg is not compatible with this identification; demanding the 
the momentum constraint is preserved by translations instead leads to the 
transformation law 

[Pe,T^M{t)] = - X £i.{Mi, + l)7rM+„it), (7.68) 

which is clearly different from (7.67). 

It also follows from (7.65) that the observer's trajectory and its momen- 
tum transform as 

[JA^qm = A^^q^it), [Pe,q''{t)] = 0, 

(7.69) 

[Ja,pM = -K'pAt), [Pe,pM = 0- 

Since the dynamics constraint Suit) is only defined for \M\ ^ p — 2, it 
transforms as 

[JA,£M{t)] = X X 'n^iA^v^AM+^-vit), 

(7.70) 

[Pe,£M{t)] = - X ^^4>M+^.{t). 

If we postulate the corrsponding transformation law for the antijet momen- 
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turn, 



[Pe,'K*M{t)\ = ^ £l^T^*M-n{t), 

the BRST charge Qd commutes with the Poincare generators. Analogously, 
we verify that the BRST charges Qt and Qr associated with TM{t) and 
TlM{t) are Poincare invariant; the only difference is that the sums have to 
be truncated at different values of |M|. 

In contrast, the momentum constraint is not preserved by the full Poincare 
algebra. This is obvious since the actions of in (7.67) and (7.68) dif- 
fer. Hence it is impossible to make the momentum BRST operator = 
SfcGA:(-^fc + «fe)7-fe commute with P^. The situation for Lorentz transfor- 
mation is somewhat nicer. From 

[JA,MM{t)]= Yl Yl V^^AMi, + l)MM+^-At), (7.72) 



it follows that 



[JKMf]=^^'.K^Mt\ (7.73) 
as one expects from (7.64). 



7.7 An alternative momentum constraint 

In the previous subsection we learned that the momentum constraint A^^ 
does not transform in a sensible way under translations. This is not neces- 
sarily fatal; dynamics is fully specified by the dynamics and time constraints, 
whereas the momentum constraint only relates canonical momenta to veloc- 
ities. Nevertheless, it might be worthwhile to consider an alternative choice 
for the (f) part o^ M-k-, which makes Poincare invariance less badly broken. 
Consider a plane wave defined by its Fourier transform 

4>k = j A (^(x)e^^-^. (7.74) 

Formally expanding (f){x) in the Taylor series (7.1), we obtain 

<l>k = e'"-" Y.^ik)-^-^ct>MCM. (7.75) 

M 
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where 1 = (1, 1, 1) is the unit multi-index and the constants 

CM = ^J'dy e^yy^ f dy^ e^y'{y^)^^. (7.76) 

■ J ^ n- J 

This formula arises from the substitution y = k-{x—q), i.e. yf^ = kfj^{x^ — q^). 
By integrating by parts and discarding boundary terms, we obtain Cm = 
i^M\ Cq. Hence we are led to define 

ct>k{t) = i-i^ Y.{-ik)-^-^ [ dt e^'^^^Uuit). (7.77) 

This expression clearly only makes sense if all fc^ ^ 0. The corresponding 
dynamics and time constraints read 

1 

£k{t) = -(fc2-a;2),^fc(t) + A;2 ^ (-zA;)-^-VM(t) 

|M|=0 

-co^ Yl {-ik)-^~^cl)M{t), (7.78) 

|M|=p-l 

\M\=p 

The linear combinations (7.77) hence behave like plane waves, apart from 
correction terms coming from the truncation to p-jets. Define 

^k{t) = jZi-ik)^ I dt e^'-'^'-'KMit). (7.79) 
The brackets read 

[hit), TTk'it')] = i6p{k, k')6{t - t'), (7.80) 
where the definition of Sp{k, k') has been changed to 



5p{k, k') = {-lY k-^-'-k'^. (7.81) 



^ -M-lu'^ 

M 

In the limit p — > oo 
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If the sums over M and N would run over all Z*^ rather than N*^, 6p{k,k') 
would approach 5'^{k + k') in the p ^ oo limit. 

Given the linear combinations (7.77) and (7.79), we can now give two 
alternative definitions for M.k{t): 

M,{t) = H'^-^'^^^ (7.83) 

Their bracket becomes 

Hence the integrals = j dt Aik{t) satisfy CCR of the form (7.12), with 
the definition of 6p{k,k') changed from (7.14) to (7.82). 

It is clear from the definition of (f)k (t) that the Poincare algebra acts like 

d 

[JA,Mt)] = -A^uk^'—Mt) + -, 

"^"•^ (7.85) 

[Pe,Mt)] = -S^k^Mt) + 

where the ellipses stand for correction terms involving (f)M{t) with |M| close 
to p and zero. TTkit) and Aikit) transform in the same way. This definition 
of the momentum constraint thTis appears to be manifestly covariant up to 
correction terms which can be ignored in the limit p — > oo. Note however 
that the variable k is restricted to the discrete index set /C, and that a finite 
Poincare transformation in general takes us outside this set. /C becomes 
dense in the invariantly defined surface k'^ = uP' when p ^ oo, and one may 
argue that manifest covariance is recovered in this limit. 

That one must give up manifest Poincare covariance is a disappointment; 
as the name indicates, combining canonical quantization with manifest co- 
variance was a major goal with MCCQ. However, Poincare covariance is 
only broken by the momentum constraint. Since the dynamics and time 
constraints are manifestly covariant (even general-covariant in the gravity 
context), as is quantization in the sense of eliminating negative-frequency 
modes, dynamics and quantization are defined in a manifestly covariant 
way. Only the definition of canonical momenta in terms of velocities break 
manifest covariance. 

Therefore, we are led to a weaker definition of covariance in QJT(p). 
The history phase space J^TiV carries a well-defined representation of the 
covariance algebra, and the BRST operator Qtot splits into two terms, the 
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dynamics part Qd + Qt + Qr + Qq (plus additional terms in the presence of 
gauge symmetries), and the momentum part Qm- The former is manifestly 
covariant in the sense that this BRST charge commutes with the covariance 
generators, but the latter is not. Despite its weakened form, the requirement 
is still quite strong. In particular, H*{Qu + Qt + + Qq) only carries 
a well-defined (necessarily projective) action of diffeomorphism and gauge 
algebra if the history phase space is a space of trajectories in jet space; this 
is clear from [7]. 

7.8 Discussion 

To conclude the treatment of the free field within QJT, let us review the 
most important lessons: 

• QJT(p) gives ap-jet approximation J^Sj to the physical Hilbert space, 
and the correct Hilbert space Sj should only arise in the p ^ oo limit. 
This is unlike the single harmonic oscillator, where J^Sj = S) for all p. 

• QFT is recovered in the limit as QJT(cx)), but only in the limit that 
the observer's mass is infinite. The observer's position and velocities 
are c-numbers only if Mq^s = oo. Quantization is hence taken more 
seriously in QJT then in QFT, because not only the fields but also the 
observer's trajectory (and hence the operational definition of time) are 
quantized. 

• Reparametrizations become problematic. Not only does the rcpara- 
mctrization algebra acquire a central extension in QJT(p), but the 
extension diverges in the field limit p — >■ oo. 

• The Poincarc algebra does not act in a well-defined manner in Q,lT(p). 
The problems are located to the momentum constraint; dynamics and 
quantization are implemented in a manifestly covariant way. 

8 Free Maxwell field 

8.1 History formulation 

We now turn to the free Maxwell field, which is also described by a free 
theory. The new feature here is that the model has a local U(l) gauge 
symmetry, which on the Lie algebra level is described by the Lie algebra 
map(d,u(l)) of maps from d-dimensional spacetime to u(l). This algebra 
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has generators Jx-, where X{x) is an arbitrary function on spacetime, and 
brackets \Jx^Jy\ = 0. 

The dynamical degree of freedom is a gauge potential A^^{x)^ which trans- 
forms under map((i, «(!)) as 

\Jx.A^,{x)\ = -id^,X{x). (8.1) 

The canonical conjugate of A^{x) is denoted by E^{x)\ it will eventually 

be identified with the electric field strength. The gauge field F^y{x) = 
dp,Ay{x) — dyAy^{x) is clearly gauge invariant, \Jx^Fp^y{x)\ = 0. In Fourier 
space, the gauge potential has components An{k) and the field strength is 
FtJLv{k) = knAy{k) — kyAf^{k). The dynamics constraint 

£^{k) = k^Fy^ik) = k^A^ik) - k^k^Ay{k), (8.2) 

is subject to the redundancy 

fc%(A;) = k^'k^Fi.yik) = 0. (8.3) 

The gauge algebra is generated by the Gauss law constraint 

J{k) = kfj^E^ik) ^ 0. (8.4) 

In Fourier space, the gauge generators can be written J'x = J d^k X{k)J{—k). 
The potential transforms as [Jx, A^{k)\ = ikfj,X{k) and the field strength 
is gauge invariancc: [J'x, F^y{k)] = 0. 

We introduce standard polarization vectors e^'^(A;), i = 0,1,2,3. If k 
is the wave-vector for a photon travelling in the /x = 3 direction. A; = 
(|A;|,0,0, |A;|), we have k^'e''^\k) = -k>'€f^{k) = \k\. It is convenient to 
introduce lightcone coordinates 



6H(fc) = -^(60(fc)-6(f)(A;)). 

These polarization vectors satisfy the relations 

k^e^^^k) = 0, for i = +,l, 2, k^'e^'^k) = \k\, 

e»^(fc)e(f)(fc) = r/^^ 7?,,e«'^(A;)e(^)(A;) = 5^, 

where r)'^'^ = rj = 0, r/"' = rj = 1. 



.5) 



(8.6) 
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Finally, we define the momentum constraint, 

M^{k) = E^{k) - F^oik) = E^{k) - k^Aoik) + koA^{k). (8.7) 

Since M^{k) only depends on quantities which transform homogeneously 
(even trivially) under gauge transformations, the momentum constraint also 
has this property. Most components of the momentum constraints don't 
commute with the dynamics constraint (8.2); rather 

[M^,{k),S,{k')] = -i{k\, - k^k,)6{k + k'). (8.8) 

However, the combinations 

A4« (k) = rf^ef {k)M^{k) (8.9) 

do commute with the dynamics constraint, provided that k'^ = and i = 
+, 1, 2. These constraints are second class, since they do not commute among 
themselves 

[M^'\k),M^^\k')] = 2ikort^5{k + k'). (8.10) 

To fix this defect, we introduce oscillators a^^\k), also defined for A;^ = 
and i = 1,2; no momentum constraint is needed for the i = + component 
because it is a gauge degree of freedom. The a's satisfy the CCR 

[a^\k),a^^\k)] = -2ikor]'^{k + k'). (8.11) 

Hence the improved momentum constraints JVi^'^\k) + a^'^\k) commute both 
with the dynamics constraints and among themselves. 



8.2 Cohomological construction 

We now proceed to the cohomological construction of the physical phase 
space V. For all values of k, we introduce antifields and momenta according 
to the following table. 



Field 


Momentum 


Parity 


Constraint 




Ef'i-k) 


B 




A;ik) 


E!:{-k) 


F 




Cik) 


a-k) 


B 


k^Alik) 


c{k) 


b{-k) 


F 


k^E^^{k) 



79 



Moreover, for /c^ = 0, z = 1, 2, we introduce also the following antifields and 
momenta: 



Field 


Mcnuciit lun 


Parity- 


CoiiHlraiul 




X{t){-k) 


B 








F 




c*{k) 


K{-k) 


B 


k^E^{k) 






B 





(8.13) 



The BRST charge is Q = Qd + Qs + Qg + Qa + Qga + Qm, where 
Qd = J d^k k''F,i,{k)E^{-k), 



Qs 
Qg 
Qga 

Qa 



J d'^k k''A1ik)a-k), 
J d^k k^,E^ik)c{-k), 
j (fk k^E^{k)c*{-k)S{k^), 

/ d'k e^^'^{k)A;{k)xii)i-k)d{k'), 



(8.14) 



1=1 

2 



Qm = [d'k{e'^\k){E^{k)-F^^{k))+a^\k))j^i^{-k)S{e). 

Using the properties (8.6) of the polariation vectors, it is straightforward to 
prove that Q^ = 0. The BRST operator acts on the fields and antifields as 



Sc{k) 

SA^ik) 

5A;{k) 
6C{k) 

6e^\k) 

5(3^^{k) 
Sa^^{k) 



0, 



= ^k^cik)-^J24^i-kh(^)ik)S{k^), 



i=l 



k A^(^k) kfxk ^i/(A;), 
ik^A^j^^k), 

-ie^^''{k)Al{k)5{k% 

{ef{k){Ei^{k) - Ft^\k))+a^^{k))5{k% 

2iko^(i){k)S{k^). 



(8.15) 
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where antifields with parenthesized indices (i) are only defined for A;^ = 
and i = 1,2. Q acts on the conjugate momenta as 

Sb{k) = -ik^E^ik), 
SE^'ik) = i{k^E^{k)-k^^k,E:{k))-ik°e^'^^'{k)^^,){k)6{k^), 

2 

SEm = -A;'^afc)+E^^'^''W^«(-^)'^(^')' (8-16) 



1=1 



Sak) = 0, 
<5x«(fc) = 0, 
Slii){k) = 0. 

The cohomology is computed along the lines above. If k"^ ^ 0, both the 
kernel and the image are generated by c(A:), k^A*^{k), ^{k), and k^Eti{k), and 

by e^ii^E'i{k) and Si^(k)A^{k), for i = +, 1, 2. Thus there is no contribution 
to HliiQ) for P ^ 0. 

For /j^ = 0, it is convenient to define 



A^^{k) = e^^i'{k)Ai,{k), A^\k) = €^^^{k)Al{k), 
E^\k) = ef{k)E^^{k), E^ik) = ef{k)Ei:{k). 



(8.17) 



It follows that 

ki'A^{k) = \k\A^+\k). (8.18) 

The relevant parts of (8.15) and (8.16) become for i = +, — : 

5c(A:) = 0, 6b{k) = \k\E^+\k), 

8A^-\k) = i\k\c{k), 5E^-\k) = -i\k\^E^^\k), 

5AV{k) = |A;|2^(+)(fe), 5Ei-\k) = -^ik), (8.19) 

Sak) = i\k\Ai-'\k), Sak)=0, 

(k) = (A;) = 0, (5E(+) (k) = SEi-^^ (k) = 0. 

Hence both the kernel and the image consist of A^~^\k), Ai~^\k), E^^\k), 
Ei'^\k), c{k) and C{k), and all fields vanish in cohomology; the longitudinal 
and temporal parts of the gauge connection are unphysical. 
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In constrast, for z = 1,2, the relevant parts of (8.15) and (8.16) become 





5E^' 


Hk) 


6A^\k)=0, 




\k) 


se^^ik) = -iAi'\k)s{k^), 




\k) 


= {M^^{k) + a^'^{k))5{k^), 




\k) 


5a^^{k) = 2ikoj^'\k)6{k'^). 







i-f^^{k)6{k^), 



(8.20) 

The kernel consists of E(^{k) + koA^^\k), M^'\k) + aW(A;), A'i\k) and 
7^*^(/c), and all combinations except for the first also belong to the image. 
The cohomology H'i{Q) is thus generated by 

o»(fc) = E^^{k) + koA^^ik) + x(7W»(A:) + aW(/c)) (8.21) 

for all /c^ = and i = 1,2, where x is an arbitrary constant. These are 
identified with creation and annihilation operators for photons, depending 
on the sign of ko. Wc verify that they satisfy the CCR 

[a^^{k),a^^\k')] = 2ik)rf^5{k + k'), (8.22) 

independent of the value of x. 

The above analysis is slightly flawed, because there is additional coho- 
mology for = (rather than just fc^ = 0), i.e. for soft photons. This 
unwanted cohomology could be eliminated by introducing additional anti- 
fields and ghosts, and adding new terms to the BRST operator. 

We can now quantize by introducing a vacuum which is annihilated by 
all oscillators with k^ < 0; there is some ambiguity with modes with ko = 0, 
which was irrelevant for the scalar field because it has a mass gap. Oth- 
erwise, the treatment is completely analogous to the non-covariant history 
quantization of the free scalar field in section 5. 



8.3 Maxwell field in QJT 

Expand the gauge field in a Taylor series 

M^) = E ]S^^M,M(i)(x - q{t))^. (8.23) 
M 

The canonical momentum is defined by the non-zero CCR 

[Ai,,M{t),E,,N{t')] = iVi..S{t - t'). (8.24) 
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The field strength corresponds to the jet 

Fi,u,M{t) = F^^^m{A; t) = A^^M+f,{t) - A^^M+i.{t). (8.25) 
The dynamics constraint, 

£ij,,M{t) = ^ Fn^,M+uit) = ^ A^^M+^J.+u{t) - ^ Vu Aij,^M+2u{t), (8.26) 

U U V 

has the redundancy 

^^^,M+M(i) = 0. (8.27) 

The corresponding gauge generators, 

JM{t) = Y.E'i,_^{t\ (8.28) 

commute with E^{t), F^;/,M(i) and the dynamics constraint and acts as 
follows on the gauge field: 

[JM{t), A^,N{t')] = -ir)M-u,NS{t - t'). (8.29) 

The gauge algebra takes the form 

[JM{t),JNit')]=0. (8.30) 

Alternatively, we could smear the generators with functions on spacetime 
X{x), X G M^: 

Jx = Y, dMX{q{t))JMit), (8.31) 

where Om, M = {Mq,Mi, ...,Md-i), denotes the mixed partial derivitives: 
dMX{x) = do^di^.. dd-i..dd-i X{x). (8.32) 

Mo Ml Md-i 

In this case, (8.29) is replaced by 

[Jx. A^,M{t)] = -idM+^.X{q{t)). (8.33) 
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For any jet (puit) with reparametrization weight wt^M(i) = 0, we define 
D<j)M{t) = 4>M{t) - r{t)^M+^it). (8.34) 

The time constraint is defined by 

^m-mW = DA^^Mit) = A^,M(t) - J2 fit)A^,M+At)- (8.35) 

The time constraint does not commute with the gauge generators J'nit)', 
instead, 

[JM{t), %,N{t')] = iVM,N+j{t -t')+iJ2 q%t)riM,N+i.+pS{t - t'). (8.36) 

p 

However, the smeared generators do commute with the time constraint, 

[Jx,%,N{t')]=0, (8.37) 

because XN+uiq{t)) = Y.pQ^ii)^N+u+piq{t)). 

Since the observer's trajectory points in the time direction, we can use 
it instead of the fixed time direction "0". Hence we replace Sq — > q^{t) in 
all formulas. New polarization vectors are defined by 

e^-\k,q) = k,--^q^, (8.38) 

obs 

ef{kA)e^-^Hk,q) = ef {k,q)e^-^>'{k,q) = i = l,2. 

These polarization vectors satisfy the relations 

k^efik^q) = 0, for i = +,1,2, k^e^-\Kq) = k,q^^{t) ^ \k\, 

eW'^(fe)e{f)(A;) = r?^^ for i = 1,2, eW(/t, g)e(-)^(fc, g) = 1, (8.39) 
eW(A;,4)e(+)/^(fc,g) = 6H(A;,g)e(-)/'(A;,g) = 

We want to relate the electric field to the field strength by a relation 
= F^Q. We take the momentum constraint to be 

Mi_,,M{t) = E^,M{t) - ■^_Yr{t)F^.,Mit), (8.40) 
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which is defined for \M\ Modulo the time constraint, this is equiv- 

alent to the choice 

M^,M{t) = E^^Mit) + ^4,M(i) -^ Yl Q''it)A,,M+^^it). (8.41) 

1/ 

The momentum constraint clearly commutes with the gauge algebra, 
[>JM{t),M.u,N{t')] = 0, since JM{t) commutes with the field strength. More- 
over, the combinations 

M^\k) = ^(-ifc)^ / dt e''-''^'h^^''{k,qit))M^,Mit)^ (8-42) 

where k'^ = and i = +,1,2, also commutes with the dynamics and time 
constraints. We verify that these generators satisfy the algebra 

[M^^{k),M^jik')] = a'\k,k') = -a^\k',k) 
p-i 

= Y^i-ik)^ i-ik')^ X (8.43) 

M 

X J dte'^<*')ef{kA{t))e^\k'A{t)W{t)k'^-e{t)k,). 
We take the BRST operator iohe Qa + Qd + Qs + Qt + Qgt + Qdt + 
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QsT + Qx, where 
p 



Qa = / CM+M(i)£^M(*)' 

M 
P-2 „ 

Qd = ^ dt Y,F.^.,M+M{t))EZ{t), 

M V 

Qs = ^ dt ^AlM^^it)^Mit), 

P r 

Qgt = DcM{t)lM{t), (8.44) 

M 

Qat = (-D^M,M(i) - CM+^{t))Ei'j^{t), 

M 
2 



i=l keIC 

It is straightforward to verify that = 0, using e.g. 



{Qa,Qd} = ^ / ^(77i.CM+//+2i.(i) - ?7i.CM+i/+M+i/(0)-^M(0> 

{gGr,gAT} = -{QA,QAT} = iJ DcM+^.{t)E'^{t), (8.45) 
{QAr,QDT} = -{QD,QDT} = i Jj2^-i^^^+-^^^^^'^'l^Mi^)- 
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8.4 Solution of cohomology 

We first consider the unbarred jets and antijets. Ignoring the momentum 
constraint, the BRST operator acts as 

ScMit) = 0, 

5A^^M{t) = -icM+^,{t), (8.46) 

KM{t) = -i^rif,Aln^^^{t) = -idivAl^{t). 

The kernel is generated by CM{t), div^^(t), and gauge invariant function- 
als of A^^M{t), i-c. functionals of F^y^M{t)- The image is generated by 
CM(i), divA;^(t), and £^,M{t) = Y^u'^v FyiJ.,M+v{t). Hence the cohomology 
is generated by the equivalence classes 

F^,,M{t) + xP,,£p^M{t), (8.47) 

where arbitary. 

Introduce the linear combinations 

P+l p-2 

Ckit) = ^{ikr^CMit), Al,{t) = Y.{ik)-^Al^^{t), 

M M 

P P-3 

A^,k{t) = ^{ik)-^'A^,Mit), (kit) = ^(zfc)-^CM(i). (8.48) 

M M 
Equation (8.46) then takes the form to 

5ckit) = 0, 
^Af,^k{t) = kf,Ck{t), 
SAl,{t) = {k%-k^knA,,k{t), 

which we recognize as (8.15). Hence the transverse photons 

Af{t) = e«''(fc, q{f))A^.,k{t), where fc^ = 0, ^ = 1, 2, (8.50) 

belong to the physical operators. As usual, these expressions are not all 
linearly independent, because the A^^ {t) are linear combinations of the (d — 



(8.49) 
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2)('^^^) modes v1^,m(0) where we generalized to d dimensions. Therefore, 

the cohomology is generated by A^^\t), where k, = 0, belongs to an index 
set /C. The k € IC must be linearly independent, but /C is otherwise arbitrary. 
Since dim/C = rp^d, the number of independent modes equals (d — 2)rp^d- 

We next consider the momenta corresponding to the jets in (8.46). The 
BRST charge acts as 

V 

^EfS) = iM-^{t), (8.51) 
Siuit) = 0. 

Introducing the linear combinations 

p+l p-2 

hk{t) = Y.{-ikrhM{t), Ei^{t) = Y,{-tk)^EZ{t), 

M M 

we obtain 



M M 



6h{t) = -ik^Ej^it), 
6E^{t) = i{k''6i^-k^k,)El'^{t), 
SEl^it) = -ik^^kit), (8.53) 
S^kit) = 0. 

Again, this is recognized as (8.16), and the cohomology is generated by the 
transverse electric field 

4'^(*) = 4^ik,q{t))El^it), where kelC,i = l,2. (8.54) 

We now turn to the barred antijets. The BRST operator (8.44) acts like 

ScMit) = -iDcM{t), 
5A^^M{t) = DA^^M{t) -CM+p,{t), (8.55) 
^<m(*) = -KDAl^j^{t)-Y,V.F,^,M+M{t))), 

V 
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This is completely analogous to how the time constraint eliminates the t 
dependence for the free scalar field. Morally, the barred antificlds imple- 
ment the constraint DA^^Mit) ~ 0, i.e. A^^M{t) ~ T^yQ^ {'t)An,M{'t) for the 
physical components of the A-field. In order to implement this constraint 
consistently, we also need to impose constraints on the other unbarred anti- 
jets. Analogously, the barred antijet momenta are eliminated through 

5hM{t) = Y.'^^.E>lj_^{t), 

5E*^{t) = eM-^(i), (8.56) 
S^M{t) = 0. 

So far, wc have calculated the cohomology H'^^Qa + Qd + Qs + Qt + 
Qgt+Qdt+Qst), and found that is generated by transverse modes E^^ 

(i) 

and Aj^ , where i = 1,2 and A; € /C. To construct the p-jet approximation to 
the true physical phase space J^V, we finally need to identify the velocities 
E.^'^Wi^rW' where 

Frit) = j2iikr''F^^{t), (8.57) 

M 

with the momenta Ej^{t). This task is accomplished by the momentum con- 
straint (8.42), exactly as for the free scalar field. C(J^V) is hence generated 
by p-jet approximations to transverse photons, 

a»(fc) oc 5^ /di e'i:\k,qmE^{t) -J^mFrm (8.58) 
for i = 1,2 and k e K.. 
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8.5 Hamiltonian and quantization 

The physical Hamiltonian in HV* is given by Ha = H^ + H^, where 

// p+i p 
dt i -i^CMit)bMit)+J2^>^,Mit)E'l^it) 
^ M M 

p-2 p-3 

- iJ2A;^M{t)E*^{t) + Y,CMmM{t) (8.59) 

M M 

P ^ P-1 ^ 

M M 

+ E|4,M(i)^li'(0-iE|CM(0CM(0 
M M 



CM+u{t)hM{t) +y~^ / dt A^^M+v{t)E'^{t) 
V ^ M M 

- i^A;^M^,{t)E*^{t) + ^CM+umM{t)). (8.60) 



Unlike the total Hamiltonian Htot = H^ + 7^^, which translates both 

the fields and the observer's trajectory in time, the physical Hamiltonian 
translates the fields relative to the observer. We have e.g. [iJ^, ^//,fe(i)] = 
-iA^,k{t) and [Ha, E^{t)\ = -iE'^{t), and hence 

[Ha, a«(fc)] =k^jdt r{t)e"'-''^'^4\t) = k^u^'a^\k), (8.61) 

where we used that the solution to the observer's dynamics constraint is 
q^{t) ~ u^t + s^. The physical Hamiltonian thus picks out the projection 
of A; along the observer's trajectory, which is the physical Hamiltonian of a 
photon with wave- vector k. 

To quantize the theory, we introduce a vacuum state |0^, annihilated by 
all negative frequency modes in J^TCV*. Under the ansatz (7.23), this means 
that all modes with negative m are assumed to annihilate the vacuum. The 
state cohomology J^Sj = Hg^{Q) is then a p-jet approximation to the photon 
Fock space. 
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8.6 Yang- Mills theory and gauge anomalies 

As noted in subsection 8.3 above, the gauge generators 

p . 

Jx = Y. Y.^^+Mt))EW (8-62) 

satisfy the abelian algebra of gauge transformations, [Jx,Jy] = 0, which is 
identified with the algebra map((i, u(l)) of maps from d-dimcnsional space 
to u(l). In the free Maxwell case, there are no contributions to J'x from the 
antijets, because they all transform trivially under u(l). However, interact- 
ing theories can be treated with similar methods. As sketched in the next 
section, interactions bring in some new problems, but the key phenomena 
can be understood by analogy with the Maxwell field. 

As the simplest example of an interacting gauge theory, consider a pure 
non-abelian gauge theory with gauge symmetry map(d, g), where g is some 
finite-dimensional Lie algebra. All fields and antijets transform in the adjoint 
representation, except which transforms as a connection; a is a index. 
There are now several contributions to the gauge generators, 

Jx = Jx+Jx+Jx+Jx + JF + Jf + Jx^ + JF, (8.63) 

where each term is a bilinear in a field jet and the corresponding canonical 
momentum, according to the following table: 

rrG nA nD nS nGT qAT rrDT nST 
^X ^X ^X ^X ^X ^_X ^_X ^X 

E.g., the part acting on the antijet A*^j^{t) is 

= E^/"'' / X''iQit)):A;'^M{Wity. , (8.64) 

where f°^'^ are the totally antisymmetric structure constants of Q and double 
dots indicate normal ordering w.r.t. frequency. 

It was shown in [7] that such a bilinear combination acquires an anomaly, 
which turns map((i, g) into a higher-dimensional generalization of the affine 
Kac-Moody algebra g. Similarly, in a general-covariant theory, the diffeo- 
morphism generators C^, where ^ = ^'^{x)dij,, satisfy a multi-dimensional 
generalization of the Virasoro algebra, i.e. an abelian but non-central ex- 
tension of the algebra of vector fields in d dimensions, Vtci{d). The abelian 
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extension of X)tct{d) ix map{d,Q) is defined by the brackets 

[C^,C,] = C^^,r,^ + ^.j dtqP{t)[c^dpd,e{q{t))dX{q{t)) + 

+ C2dpd^em)duri''{q{t))], 
[C^,Jx] = J^x, (8.65) 

[Jx,Jy] = J[x,Y]-^r' J dtq''it)d,Xa{qit))YMt)), 

[Jx,q''{t)] = [q''{t),q'^{t')]=0, 

To see that this Lie algebra generahzes the Virasoro and affine algebras 
to several dimensions, define for each m = (m^) G Z"^: L^{m) = for 
^'^{x) = —iexp{im ■ x)S'j^, J"'{m) = Jx for X°'{x) = exp(im • x)J", and 
S'^{m) = ^ J dt g'*(t)exp(zm • x). The algebra (8.65) then acquires the 
form 

[L^(m),L^(n)] = n^Lij_{m + n) (m + n) + 

— {cirriyn^j, + C2m^j,nv)mpS''{m + n), 
[L^{m),r{n)] = n^r{m + n), (8.66) 
[r{m),j''in)] = ir''^r{m + n)-km^S''{m + n), 
m^S^{m) = 0, for all m. 

The last equation expresses that the integral of a total derivative vanishes. 
Since the equation mS{m) = implies that S{m) is proportional to a Kro- 
necker delta, (8.66) reduces to Vir k g when d= 1. 

The parameters ci — C4 and A; were also computed in that paper. In 
particular, the gauge anomaly for a p-jet is given by 

i-ii/C^), (8.67) 

where y is value of the second Casimir operator (here in the adjoint repre- 
sentation), d is the number of dimensions, p is the truncation order, and the 
sign depends on Grassmann parity. If we now truncate the jets as indicated 
in the definition of the BRST operator (8.44), i.e. 
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the total abelian charge becomes 



This result result immediately leads to two observations. First, and unlike 
the abelian case, we can not factor out the gauge transformations due to the 
anomaly. Second, k{p) — > oo when p — oo, which indicates that the field 
theory limit is problematic. 

Since the gauge algebra is anomalous, we can not impose the gauge 
symmetry as a constraint, and thus it would appear that the Qg and Qgt 
terms must be discarded from the BRST operator. This would be disturbing, 
because we want QJT to correspond to QFT in the limit p — > oo, and in 
QFT there is no anomaly. However, it might be possible to save part of the 
gauge invariance. Truncate the sums in J'^ , J7^, J'^ and J'^ at \M\ ^ p— 3, 
and the sums in Jx^ , Jx^ , Jx^ and Jx^ at |M| ^ p-4. Hence we replace 
e.g. (8.64) by 

^D(p-3) ^ 1^ .^„,e I x\q{t)) :Ai^{t)EZ'{ty. . (8.69) 
Then we see that the modified gauge generators 

= jG(p-3) ^ ^A(p-3) ^ ^D(p-3) ^ ^5(p-3) ^g^^^^ 
^ jGT(p-i) ^ jAT{p-4:) _^ jDT{p-i) ^ jST{p-4) 

do indeed satisfy map{d,Q) without an anomaly, because the abelian charge 
is now 

k(p, = „((-i+d-<i+i)(''+;;-') + (i-d+<i-i)(<'+^-'' 

= 0. (8.71) 

The mop((i, u(l)) symmetry acts on full history phase space J^HV, but it 
acts as a gauge symmetry only on JP''^HV; the action on the space of jet 
components with p — \M\ ^ p is anomalous. The origin of this anomaly 
is that we make a regularization, which can not preserve all properties of the 
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unregularized theory. In this case, the regularization consists of truncating 
the jets; we can identify HV = J°°HV, but replacing J°°H'P with JPHV 
amounts to a regularization. In this process, some properties of the original 
theory is lost; e.g., the jet components with p — \M\ ^ p are not subject 
to a dynamics constraint. 

Thus we can not implement the full symmetry J'x as a constraint, but 
only the truncated gauge symmetry J'^ '^^ . Returning to the abelian case, 
we should hence replace Qa and Qat in (8.44) by 

p-3 



Qa = ^ dt 

M 

P-4 „ 

Qat = ^ dt{DA^,M{t)-CM+„{t))E>;^{t). 

JIT «^ 



^.72) 



However, since the gauge field transforms as a connection, we need the ghost 
jets Cm and cm up to one order higher, i.e. for |M| ^ p — 2 and \M\ ^ p — 3, 
respectively; cf. the appearence of cm+^i above. Finally, we must modify 
one more term in the BRST operator, namely 

Qgt = ^* DcM{t)bM{t). (8.73) 

This means that the total anomaly (8.68) is replaced by 

This expression is still nonzero, and diverges with p whenever d > 1. How- 
ever, the last term only diverges when d > 2, which is a clear improvement. 
Let us study the relevant terms more closely. If we truncate the ghost cm 
at order p+1, the contributions from cm, Cm and their barred antijets sum 
up to 
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which is infinite for d > 1. However, if we instead truncate the ghost at 
order p — 2, the relevant sum becomes 



fd + p-3\ fd + p-4\ fd + p-4\ 
-[ d-1 J + i d-1 )=-[ d-2 J' 

which is finite also when d = 2. 

Of course, we don't want to avoid infinite anomalies only when d ^ 2, 
but also in the physical case d = 4. It was noticed in [8] that we can 
arrange the field content to cancel the infinite parts of the anomalies, and 
this procedure naturally singles out d = 4 dimensions. This follows from the 
properties of the binomial coefficients and the fact that wc must introduce 
jets ranging from order p (A^^m) to order p — 4 (Cm)- Compared to the 
calculation of k{p) in this subsection, we also need to add fermions to cancel 
more infinities. 

This prescription produced a qualitatively correct field content, but there 
was a glaring discrepancy: fermionic antijets truncated at order p — 2 were 
also needed, which at the time was interpreted as some kind of supersym- 
metry. It was then observed in [10] that the right kind of cancellation would 
occur, if we reinterpreted these antijets as ghosts. However, why the ghosts 
should be truncated at order p — 2 rather than at order p + 1 remained a 
mystery, until now: the ghosts should be truncated at order p — 2 because 
the gauge symmetry is truncated at order p — S. 

We emphasize that the anomalies in (8.65) is a distinguishing feature of 
QJT. It is clear that the relevant cocycles are functionals of the observer's 
trajectory q^{t). Hence these anomalies can not arise in QFT, where the 
observer has not been explicitly introduced. 



9 Interactions 

9.1 General structure 

The detailed study of interacting theories within the present framework is 
postponed to another paper. However, we briefly sketch what modifications 
are involved. In this subsection, we use the standard abbreviated notation, 
where a single generalized index a can stands either for a discrete index, 
a continuous time variable t, or a continuous spacctimc coordinate a;, or 
a combination of all. Contraction of generalized indices involves summa- 
tion over repeated discrete indices and integration over repeated continuous 
variables. 
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Assume that we have a dynamical system described by some bosonic 

degrees of freedom cp"' and an action functional S. We introduce history 
momenta tTq., subject to the nonzero Poisson brackets 

[ct>^,7rf,]=i6'^. (9.1) 

The dynamics constraint reads 

S^ = d^S = -^ = i[7ra,S]f^0. (9.2) 

The second derivative of the action is symmetric: 

da£p = dpSa = TT^- (9-3) 



We assume that there exist functions = {(j)) , such that-*^ 

uZ£a = 0. (9.4) 

The index to labels solutions to the Euler-Lagrange equations. The solution 
set W is the set of such labels lo G W. Such functions clearly exist if 
£a = £a = La/3(f>^ is linear, and if £a = £a-'r ££a, we can prove the existence 
of such functions to all orders in e. One makes the ansatz 



m 

and constructs the functions order by order in perturbation theory. 

Physically, (9.4) simply expresses that the Euler-Lagrange equations 
have solutions. Namely, in a cohomological formulation, we start from 
an equal number of field and antifield histories, 0" and Hence the 
net dimension dimi/*(Q) = 0, where fermionic degrees of freedom count 
negative. However, the cohomology should be a resolution of 0(1^), i.e. 
^cl(Q) ~ ^(^) ^'^^ ^cliQ) = 0, n 7^ 0. Unless the physical phase space 
is empty, this implies dim. H'i{Q) = dim. H^i{Q) > 0, a contradiction. This 
paradox is resolved by introducing further bosonic antifields corresponding 
to the redundancies (9.4), giving a net surplus of bosonic degrees of freedom. 



^Henneaux and Teitelboim do not make this assumption in chapter 17 of [4], eq. (17.4). 
Since they only consider fields and antifields and not their conjugate momenta, this does 
not affect H^i{Q) = C{V) = C{T-CP*)/I, but it makes the higher cohomology groups 
nonempty. Note that the redundancies (9.4) are present already for the harmonic oscillator 
(3.19) = = 0). 
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Of course, if the number of fields exceed the number of antifields in K7^*, 
as is the case in QJT, the redundancies (9.4) may be absent. 
Define 

TTu, = U^TTa- (9.6) 

It follows from (9.2) and (9.4) that all tTuj commute with the action, [n^, S] = 
0. By the Jacobi identity, [[vr^^, vr^], S] = 0. By assumption, it must therefore 
be possible to expand [vr^^, vr^] in terms of tt^ G W: 

whereas explicit calculation yields 

= uid(,u^-u%uZ. (9.8) 

The brackets (9.7) define the momentum algebra m. Note that the structure 
functions u^{(t)) and foj-vj'" {<!>) depend on the field (f)°' in general. The Jacobi 
identities yield 

/wro^/ti? "I" fwv'fux; "I" fviJ'fzaq ~ 

A A a A ^^-^^ 

We now construct the ERST operator which eliminates the dynamics 
constraint (9.2) and the antifield constraint implied by (9.4). Introduce 
antifields and antifield momenta according to the following table 



Field 


Momentum 
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B 





(9.10) 



The nonzero Poisson brackets are, in addition to (9.1), 

{^1,4} = € %,x'^]=iS^. (9.11) 
The BRST charge reads Q = Qd + Qa, where 

Qd = £a<, Qa = nZKx^. (9.12) 
Q acts on C{nV*) as 

64>*,=£a, <5< = u2x", (9.13) 
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By construction, the field part of the cohomology equals H^{Q) = C{^)/T, 
where C{(j)) is the space of functions over and I is the ideal generated 
by £a, and H'^i{Q) = if n / 0. In view of (9.4), this space is generated by 
independent elements (p^icp) labelled by a; G W, where 

= (P'^u'^. (9.14) 

Let us now consider the momentum part. Sa'^* = ^{(Pa^* ~ i(^u)X^) ^"^^ 
belong both to the kernel and to the image, and thus vanish in cohomology. 

,0 J,* „a 



We also note that S-Ka = idaS{(j)*gTr^). Define 



vf^ = + id^u^cP^TT^ - U^'^e^x". (9.15) 

Using (9.3), (9.4), (9.8) and (9.9), it is straightforward to verify that tx^^ is 
BRST closed, 8%:^^ = 0. The space of all TTt^, u; G W, is not closed under the 
bracket in HV* . However, it is closed up to a BRST exact term: 

[tTo), T^w] = ifujw^T^v + (^Go^CT, (9.16) 

where 

G^^ = -idaU^'^e^TT^. (9.17) 

When restricted to H*i(Qd + Qa), the vfi^ define a proper Lie algebra iso- 
morphic to the momentum algebra m (9.7) generated by -k^j. 

So far, we have found that H^i{Qd + Qa) is generated by 0'^ and Tft^. 
The implementation of the momentum constraint is complicated by the fact 
that the momentum algebra m is no longer abelian. Therefore, we need 
to pass from the variables {4''^,^^) to new variables {q^,Pu))-, in which the 
momentum constraint is abelian. For simplicity, we first assume that the 
structure constants fu)vj" do not depend on (f). The bracket between ^'^ and 
TT^j, must obey the Jacobi identities, which leads to 

[r,7r^] = -^^^"0" + c^, (9.18) 
where the structure constants obeys the cocycle condition 

/w? fvjq — fuiVj'C^- (9.19) 

Moreover, [0'^,^^] = because 0'^ depends on the fields ^"^ only. The 
bracket (9.18) thus defines an abelian extension of the coadjoint represen- 
tation of the momentum algebra m. Define new variables {q^ -iPi^j), with 
Poisson brackets 
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by 

~ P V zu ■ w 



(9.21) 



It is straightforward to verify that these expressions satisfy (9.7) and (9.18). 

More generally, assume that there are functions v^((f)), which depend on 
(f)^ with a; G W only (and not on general histories 0"), satisfying 

fu.^^'v'v = v%d,vi-vld,v%. (9.22) 

This relation is essentially the same as (9.8), except that it only depends on 
elements in the solution set W. Then we replace (9.21) by 

(9.23) 

r = 

One checks that the bracket [Ki^, tt^] is still given by the momentum algebra 
(9.7), and that the (/>^ transform as 

[4>^,7r^]=ivZ{ct>). (9.24) 

We now invert the coordinate transformations (9.21) or (9.23), and ob- 
tain a map {(f)'^ ^tt^^) — {q^,Pui)- Introduce a set of antisymmetric constants 
Cuj-w = —c-ujuj, uj,w G W; c^vjff can be thought of as the velocity. Define 
the momentum constraint by 

A^a;=Pa,- Wg"^. (9.25) 

It satisfies the brackets 

[>ta.,A^^] = -2iw. (9.26) 
Introduce new antifields satisfying the same algebra with opposite sign: 

\a^,a^\ = 2ic^^. (9.27) 

Further introduce fermionic antifields with canonical momentum 7'^; 
{Puj,!^} = ■ The momentum part of the BRST operator is defined 

by 

Qm = {Puj - c^^q^ + a^)7". (9.28) 
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It acts on H*j^{Qd + Qa) as 

SPw = M^ + a^, 57'^ = 0, (9.29) 

The kernel is generated by p^^ + Ci^-ojQ^ ■, Plo — Cu^jQ^ + ctui, and 7'^, and the 
image by Mu, + and 7'^. The cohomology is thus generated by 

au, = Pu) + c^^q'^ + x'^{M^ + a^), (9.30) 

for arbitrary constants x^. It is easily verified that the bracket 

[auj,azu] = '^icujzu (9.31) 

is independent of these constants. Hence the physical phase space V = 
C{a i^) is identified with the space of functions over a^^. 

It might appear that we have transformed the original interacting theory 
to a free theory defined by the oscillators (9.31), but this is not the case. 
Since the Hamiltonian is the generator of rigid time translations, it has a 
very simple form in T-CV- 

n{r,^a) = h^ar7rp, (9.32) 

where ha is a constant matrix. That the Hamiltonian has this simple bi- 
linear form is a major advantage of a history formulation. However, when 
expressed in terms of the cohomology variables, the Hamiltonian 

n = H{r,T^w) = n{q'',pu,) = n{a^) (9.33) 

becomes a complicated, nonlinear function. Hence the theory is not a free 
theory; we have merely expressed the bracket in Darboux variables. 

9.2 Gauge transformations 

In the previous subsection, we assumed that all degrees of freedom were 
physical. In a gauge theory, some degrees of freedom are redundant, leading 
to identities of the form 

r^Sa ^ 0, (9.34) 

where = r2{<p) may depend on the fields Equation (9.34) can be 
written as [Ja,S] = 0, where the gauge generators are 

Ja = r>a. (9.35) 
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There is a striking similarity between the redundancy related to the existence 
of solutions (9.4) and the gauge redundancy (9.34), and between the the 
momentum generators tt^^ in (9.6) and the gauge generators Ja in (9.35). In 
the present abbreviated formalism, there appears to be no difference at all, 
apart from a change in lettering. However, in the fuller formalism of the 
next subsection, where we explicitly keep track of the time variable, there 
is a difference: the momentum generators are time independent, but the 
gauge generators depend on time. This amounts to replacing a — > {a,t), 
a — > {a,t), but a; — > cj, in all formulas. Since a well-posed Cauchy problem 
can not depend on arbitrary functions of time, the gauge degrees of freedom 
should be eliminated, at least classically. 

Both gauge and momentum generators preserve the action, [Ja,*?] = 
[7ru;,5] =0. If the Ja and tt^j exhaust the linear functions of tTq with this 
property, it must be possible to expand the brackets as 

[T^uj^Ja] = ifu>a^'^z^ + ifu>a''Jb, (9-36) 
[Ja,Jb] = ifab^T^uj+ifab'^Jc- 

Now we make the simplifying assumption that this algebra is in fact a direct 
sum m00 of the momentum algebra m and the gauge algebra i.e. /a;^*?" = 
fu)a^ = fi^a" = fab^ = 0. This meaus that the gauge generators Ja are 
closed under the bracket: 

[Ja, Jb] = ifab^Jc, (9.37) 

where 

fab''r^ = rSdfsC-r^ad/3r^. (9.38) 
The Jacobi identities imply 

fab'^fcd + fb/fa/ + Sccf'fbd = Kdafbc^ + r'^Qaha + r^dafab'^- 

Moreover, from faJ'r^ = fau^W^ = follows the identity 

u%r2 - r%uZ = 0, (9.39) 

which will be used extensively below. 

The algebra (9.37) is an open algebra, where the structure functions 

fab'^{4>) depend on the field Since our purpose is to give a rapid sketch 
on how gauge symmetries fit into the picture, rather than dealing with the 
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most general case, we make the simplifying assumption that the fab^ are in 
fact ^-independent constants; this amounts to 



A profound difference between the momentum redundancy (9.4) and 
the gauge redundancy (9.34) is that the former is used to eliminate half 
of the variables, because the momentum constraint identifies momenta and 
velocities, whereas the gauge variables are truly redundant and should be 
eliminated altogether. The antifields 0^^ do not affect H^^{Q) = C{Ti.V)/I, 
where I is the ideal generated by the dynamics, but only ensure that the 
higher cohomology groups vanish. In contrast, a gauge symmetry should 
change the physical phase space to H^iiQ) = C'{HV)/I, where C'iHV) is 
the space of gauge-invariant functions over 7iV. 

To enforce gauge invariance in cohomology, we introduce fermionic ghosts 
with canonical momenta &„, as well as bosonic second-order antifields Co 
with momenta the nonzero Poisson brackets read 



We verify that jt and Ji * satisfy the brackets (9.37) separately, and that 
they commute; hence Ja^^ also satisfies the same algebra g. 

The BRST operator, before the momentum constraint is taken into ac- 
count, has the form Q = Qq + Qd + Qa + Qs, where 



dafab"" = 0. 



(9.40) 




(9.41) 



4 = ry^ + idar^ct^^TT^-fabXce, 
Jt = -ifab'cX. 



(9.42) 



Qg 



Qd 

Qa 
Qs 




(9.43) 
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Q acts on the fields as 



5c« = -^/^,c"c''c^ 

dcf>l = 8^ + idc.4c''cl)*p, (9.44) 
56^ = -iuZ(l)*a, 

It is straightforward although quite tedious to verify nilpotency on all fields, 
e.g. 6'^9uj = and (5^Ca = 0) using (9.39) and antisymmetry of the product 
c'^cK The cohomology is given by H^iiQ) = C'{4>)/Z, H^iiQ) = for aU 
n > 0, where C'{(j)) denotes the space of gauge-invariant functions of cf)'^, 
and 1 is the ideal generated by Sq,. A basis for this space is functions (f)'^ 
defined by 0" = cp'^uZ- 

Q acts on the conjugate momenta as 

xu - /<A I jgh _ jTOT 

Stt^ = -idpr^c-n^ + uZx^' + r^e, (9-45) 
Sx" = 0, 

The cohomology is still generated by tt^^ given by (9.15). The reason is that 
the gauge algebra g acts trivially on the m indices lj, because we assumed 
that [g,m] = 0. Without this assumption, the gauge algebra acts on the 
solution space W as well, and the formulas become more involved. 

Hence H*j{Qg + Qd + Qa + Qs) is generated by and tt^^,. Since these 
variables are gauge invariant, the momentum constraint is imposed exactly 
as in the previous subsection. 

9.3 Time dependence 

Let us now single out one of the indices a as the time variable. The formalism 
in the previous subsections then applies with the following modifications: 

In quantum mechanics, 4'°'it), a discrete index; in field theory, 

0" (p'^{^,t), X G R3 the spatial coordinate; in QJT, -> {q''{t),(/)%{t)), 
M a multi-index and q^{t) the observer's trajectory. 
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In general, we assume a dynamical system described by some degrees 

of freedom (f)°'{t) and an action functional S. Introduce history momenta 
TTait), subject to the nonzero Poisson brackets 

[rit),7rp{t')]=iS^S{t-t'). (9.46) 

The dynamics constraint reads 

Ut) = = i[Mt),S] ^ 0. (9.47) 

The second derivative of the action is symmetric: 



(9.48) 



Because the Euler-Langrange equations Sa{t) = have solutions, there are 
functions u^{t), such that 



dt uZ{t)8a{t) = 0. (9.49) 

The momentum operators 

Tr^ = J dt uZ{t)7ra{t). (9.50) 

satisfy an algebra which formally is given by the brackets (9.7), where instead 
of (9.8) the structure constants are now defined by 



,X(*) = /*'(„i(,')^-»2(«')^). (i..5i) 



In contrast, a gauge index is assumed to include time, so we replace 
a (a, t) in the formulas from the previous subsection. Hence assume that 
there exist functions r^{t,t'), such that 

J dt' r^it,t')£o.it') = 0. (9.52) 

The gauge generators 

Ja{t) = J dt' r2{t,t')Tra{t') (9.53) 
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satisfy an algebra 

[Jait), Jb{t')] = i J dt" fab%t, t'; t")Jc{t"), (9.54) 

where the structure functions fab^{t-,'t'\'t") are defined by 

/ ds U{t,t'-s)r-As.t") = jds -f(M)^^j^). 

Moreover, we assume that the momentum algebra m and the gauge algebra 
Q commute, which leads to the identities (9.39): 

We introduce antifields with nonzero brackets: 

(i), 4m = S^Jit - t'), [0^, xn = iS^. (9.56) 
The BRST charge reads Q = Qg + Qd + Qa + Qs, where 

Qg = j dt{Jt{t) + \jf{t))ca{t), 
Qd = j dt Sa{t)K{t), (9.57) 
Qa = j dt uZma{t)x^, 
Qs = jj dtdsT'^{t,s)4>l{s)e(t). 
H^{Q) is generated by c/)'^, where ^"(t) = (p'^u^it), and 

7r^ = I dt uZitWit) + illdtdt' ^M^* (t');r«(t) - f^^^^e^x^. 

The momentum algebra satisfied by tt^^ takes the same form (9.7), up to 
a BRST exact term, since the solution set W contains no explicit time 
dependence. Hence the momentum constraint is treated exactly as in the 
previous subsection. 

The Hamiltonian in HV* is 7i = 7^° + where 

n° = Jdt(^- ic\t)ha{t) + <^«(i)7r„(t) - i<^:(i)7r?(i) + Ca(i)r(i)) , 

and Ti} involves the time-independent antifields. In the quantum theory, 
energy is bounded from below. The vacuum |0) is therefore annihilated 
by all negative-frequency modes, where frequency is the Fourier transform 
variable. 
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9.4 Free theory 

Let us specialize the construction in the subsection 9.1 to free theories, e.g. 
the harmonic oscillator or the free scalar field considered earlier in this paper. 
The action is then a quadratic form 

S = hapr<P'', (9.58) 

where Laf3 = Lpa is a symmetric matrix. The dynamics constraint (9.2) 
becomes 

£a = Lap<l>^ «i 0, (9.59) 

and the redundancy (9.4) 

uZLafs = Laf^U^^ = 0. (9.60) 

In other words, the constant vector is a solution to the equations of 
motion, whereas the solution set W (a; G W) labels such solutions. The 
dynamics and antifield constraints give rise to the BRST operators 

Qd + Qa = L^pr^^ + C^X'", (9.61) 



and H*i{Qd + Qa) is generated by ^^^^ = u^iTa and (p^, where = (p'^ul 
Since now is a constant matrix, is has a one-sided inverse k'^, defined by 



k>l = 8%. (9.62) 

Note that u*^ and k"^ are not square matrices, since the history index a runs 
over a much larger set of values than the solution index u)\ hence the inverse 
is one-sided. We can use (9.62) to solve for (f)'^: 

(p^ = k^^4>", (9.63) 

and we verify that (9.62) leads to the expected Poisson bracket [cj)"^ ,tt^] = 
iS%. Since daU^ = 0, the momentum algebra m is abelian, and fuiw" = 0. 
Hence there is no need to abelianize m by passing to new coordinate; we 
can take q'^ = (f)'^ and = t^oj- The momentum constraint (9.25) becomes 
simply 

= TT^ - w<^^. (9.64) 
and the cohomology is generated by 

flu) = TTo, + W^i-"^ + x^{M^ + a^), (9.65) 
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In particular, we recover the treatment of the harmonic oscillator in 
section 3 by making the substitutions 

Lap 5"{x - x') + J^5{x - x'), 



uZ ^ e-^ fc- ^ ^e--^ k^ul ^ (9.66) 



(j)'^ = 2_J dx e-^'^^0(x), TT^ = y e^'^^7r(x), 

The Hamiltonian in the history phase space is given by (9.32): TC = 
h'^, i.e. 



assume that the constants are eigenvectors of the matrix 



[n,4 








[n, 

















hpu^u, = (9.67) 
The Hamiltonian in the extended history phase space HV* ., 

acts e.g. as follows 



(9.68) 



and analogously on other antifields, as indicated by the index structure. 
It follows that H commute with a pair of two contracted indices, and in 
particular [7^,Q] = 0, because in the BRST charge Q consistes of terms 
with all indices contracted. 

Again, we write down the substitutions which apply to the harmonic 
oscillator. 

h'^^-S'{x-x'), h'^u^^ioe''''', e^^uj, 
n = hl^(l)'^TTp j dx (f)'{x)Tr{x), (9.69) 
[H, d^ix)] = -i(t>'{x), [H, r] = -u^r, [n, a^] = ua^. 
The physical Hilbert space by the creation operators a^^ with energy to. 
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10 Discussion 



10.1 Ultralocality 

QJT amounts to two inventions: a formulation and cohomological treatment 
of dynamics as a constraint in the history phase space, and the replacement 
of fields by jets. We argued in the introduction that the latter is physically 
significant, but the former is merely a technical reformulation. Why is it 

needed? 

The answer is that QJT is an ultralocal theory. Not only do interactions 
have to be local in spacetime, but everything must be formulated in terms 
of data on the observer's trajectory. In particular, non-local integrals like 
the action functional or the Hamiltonian do not make sense within QJT. 
Consider e.g. a system described by an action functional S[(p]. In QJT, we 
must expand the Lagrangian density in a Taylor series around q^(t), viz. 



C{ct>{x), d,ct>{x)) = J2 -^/^Mmx - q{t)r. (10.1) 

M 

Substituting this series into the action functional, we obtain 

s[<j>] = j d'x c{(t>{x),d^(t>{x)) 



(10.2) 



M 



Clearly, the terms / d'^x [x — q{t))^ are ill defined, and hence we can not 
base a formulation on non-local integrals like S\(t)\. In QJT we must specify 
dynamics in terms of local data, such as the Euler-Lagrange equations £{x), 
which lead to well-defined Taylor data £m {t) ■ 



10.2 The limits of manifest covariance 

The main novelty in the present work, compared to previous papers [9, 10, 
11, 12], is the introduction of the momentum constraint. Unfortunately, 
this breaks manifest covariance, provided that we insist on a cohomological 
formulation; this was shown in subsection 7.6. To see that this is inevitable, 
it suffices to count the degrees of freedom, in analogy with what was done 
for the harmonic oscillator in (3.68). 

For a field theory in d-dimensional spacetime, histories are labelled by 
an d-dimensional index set. For a free theory, there is one history for each 
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k eW^-jWe write dimHV = W^. However, the physical phase space V is the 
space of solutions to the Euler-Lagrange equations, labelled by Cauchy data; 
hence dimV = M"^"^. We can not construct V using history antificlds alone, 
because either all k G cancel exactly, and dimV = 0, or dimV ~ W^, 
which is too large. To construct the correct phase space with dimT' = 
we also need antifields labelled by solutions to the Euler-Lagrangc equations. 

The counting is similar for QJT(p), as discussed in subsection 7.6. There 
are two types of degrees of freedom: histories in p-jet space, and momentum 
antifields associated with the finite index set /C. The former have infinitely 
many components (one for each value of t), and the latter have only finitely 
many. Since QJT(p) is a p-jet regularization of QFT, it must only depend on 
finitely many degrees of freedom, which can not achieved by combining p-jet 
trajectories alone. Hence we must introduce also some antifields labelled by 
the index set /C. This inevitably breaks manifest covariance because /C is 
not Poincare invariant. The total BRST operator is Q = Qd + Qm^ where 
the dynamics part Qd is associated with histories and the momentum part 
Qm with the index set /C. 

Nevertheless, QJT maintains a stronger version of covariance than QFT 
does in canonical formulations, because the introduction of the observer's 
trajectory defines a local time direction in a covariant way. Dynamics 
and canonical quantization are done in a manifestly covariant fashion, but 
the definition of the canonical momentum necessarily depends on the non- 
covariant index set /C. In the limit p ^ oo, K. becomes dense on the in- 
variantly defined surface k^ = f^^, and one may argue that the theory is 
manifestly covariant. 

10.3 The need for gauge anomalies 

Gauge anomalies are usually considered as a sign of inconsistency, which 
must be avoided at all cost. However, this is factually incorrect. There exist 
theories with a classical gauge symmetry, which cease to be gauge theories 
after quantization, due to gauge anomalies. The best known example is the 
free subcritical string. According to the no-ghost theorem, clearly stated 
in section 2 of [3], the free bosonic string in d dimensions can be quantized 
with a ghost-free spectrum for all d ^ 26. The anomaly turns the classical 
conformal gauge symmetry into a quantum global symmetry, which acts on 
the Hilbert space instead of reducing it. This is not fatal, because unitarity 
is maintained. 

It is true that the anomaly violates unitarity when d > 26, and that 
the interacting string is inconsistent also when d < 26. However, this is 
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irrelevant if we specifically consider the free string as an example of a classical 
gauge theory which exhibits a consistent gauge anomaly. Moreover, the free 
bosonic string can be considered as a useful toy model of quantum gravity 
coupled to scalar fields in two dimensions [14]. 

If the correct quantum theory has a global infinite-dimensional symme- 
try, there is no way to distinguish it from a gauge theory by looking at 
the classical limit alone. Classically, we can always write down a nilpotent 
BRST operator, and thus reduce the theory, both if the original quantum 
symmetry was global or gauge. 

As was emphasized in [13], it is also important which version of the gauge 
algebra we consider. For Laurent and Fourier polynomials, an anomaly is 
necessary for nonzero charge (for conformal symmetry, Lq 7^ implies that 
all Ljn 7^ because [L^,L_m] = 2mLo), whereas for compact support and 
ordinary polynomials (L^ with m ^ —1), there exists no anomaly. It is easy 
to see that this is true for all kinds of gauge symmetries, e.g. conformal, 
diffeomorphisms, or Yang-Mills. Since we know that nonzero charge exists, 
and string theory tells us that Laurent polynomials are admissible, gauge 
anomalies are in fact inevitable. 

10.4 QJT is not QFT 

p-jcts arc an approximation to 00-jcts, which may be identified with fields, 
to the extent that infinite Taylor series can be identified with the functions 
to which they converge. Hence one may view QJT(p) as a regularization 
of QFT. This regularization has the unique property of preserving manifest 
covariance (before the momentum constraint is taken into account), but 
it is a regularization nonetheless, and we might naively expect to recover 
QFT results in the limit p — > 00. However, this fails due to the presence of 
anomalies. 

Gauge and diff anomalies in QFT were classified long ago [1]. In partic- 
ular, in four dimensions there are gauge anomalies proportional to the third 
Casimir, and no diff anomalies. In QJT there are other types of anomalies, 
described by the extensions in (8.65): a gauge anomaly proportional to the 
second Casimir, and diff anomalies in all spacetime dimensions including 
four. The presence of new anomalies clearly shows that QJT is not merely a 
regularization of QFT, but something genuinely new. This is a good thing, 
because it is well known that QFT is incompatible with gravity, and this 
no-go theorem does hence not apply to QJT. 

At first sight, the inequivalence between QFT and QJT(p) in the p co 
limit might be surprising, because classically a p-]et is simply an approxi- 
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mation to a classical field. The origin of this discrepancy is that a Taylor 
expansion introduces a new datum: the expansion point (or rather the family 
of expansion points referred to as the observer's trajectory). This difference 
is significant, because the cocycles in (8.65) are functionals of q^(t). If we 
deal directly with the fields themselves, we do not introduce the observer's 
trajectory, and the relevant cocycles can not even be formulated. 

Let us rephrase this non-equivalence slightly differently. Quantization 
and the field theory (p oo) limit do not commute. The relation can be 
illustrated by a diagram. Let CFT and CJT(p) denote classical field theory 
and p-jet theory, and QFT and QJT(p) their quantum counterparts. We 
have the following situation: 

CJT{p) Quantization ^j^^^^ 



p— >oo 



p— >oo 



CJr(oo) = CFT QpT ^ QJTipo) 

10.5 Possible experimental signatures 

QJT has clearly not reached the stage where it is possible to make predictions 
about experiments, although the Hilbert space for the harmonic oscillator is 
correctly reproduced. However, it is possible that one signature of QJT has 
already been observed; dark energy and perhaps also dark matter could be 
manifestations of diffeomorphism anomalies, whose existence (8.65) in four 
dimensions is the most striking departure from QFT. 

The argument relies on low-dimensional quantum gravity, where the cos- 
mological constant is related to a conformal anomaly as 

C ^ = 1030 = (10^20^1/4_ 

^Planck 

Here the experimental value of the cosmological constant in four dimensions 
has been used. Since both diffeomorphism and conformal anomalies are 
extensions of infinite-dimensional spacetime algebras, it would be natural if 
they manifest themselves in a similar way - as a cosmological constant. 



10.6 The observer and quantum gravity 

Although the anomaly argument shows that QJT is inequivalent from con- 
ventional QFT, even in the p — ^ oo limit, there must some limit in which 

QFT is recovered. We argued in subsection 7.4 that this limit amounts to 
replacing the operator- valued curve q^it) by a classical curve. Physically, 
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this means that the observer is assumed macroscopic and classical, so her 
position and velocity are unaffected by the act of observation. This is clearly 
an idealization. Every physical observer is built from a finite, albeit perhaps 
large, number of elementary particles, and is thus subject to the laws of 
quantum mechanics. 

Hence we may say that QJT amounts to a quantization of the observer 
and her clock, which is the operational definition of time. This clearly 
has implications for the interpretation of quantum mechanics; in particular, 
QJT disfavors the Copenhagen interpretation, which contains an assumption 
about a classical observer. 

We can now intuitively understand why conventional quantization of 
gravity fails. In order that the observer be unaffected by the act of obser- 
vation, we must assume that she is macroscopic and thus infinitely massive. 
Conventional formulations of quantum theory, and QFT in particular, thus 
secretly introduce an infinitely massive observer into the scene. This is usu- 
ally a good approximation if we ignore gravity, but it will wreck havoc in a 
theory of gravity which couples to this infinite mass. E.g., in the presence of 
gravity, an infinitely massive observer will immediately create a black hole. 
This is, in my opinion, the physical reason underlying the difficulties with 
quantum gravity. 

10.7 Principles of quantum gravity 

One may expect that the fundamental principles underlying quantum gravity 
are the same as those underlying general relativity and QFT, namely 

• Background independence. 

• Locality. 

• Quantum theory with a separable Hilbert space and energy bounded 
from below. 

Background independence and locality are incompatible within the frame- 
work of QFT, because the only unitary proper lowest-energy representation 
of the spacetime diffeomorphism algebra is the trivial one. However, this 
no-go theorem does not apply to QJT, because there are new diff anomalies 
described by the algebra (8.65), which allow non-trivial, projective repre- 
sentations. This is analogous to the ordinary Virasoro algebra, which only 
has one unitary irrep with c = (the trivial one), but many unitary irreps 
with c > 0. 
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Hence QJT is the unique way to combine all three fundamental principles 
of quantum gravity. 

10.8 Conceptual problems of quantum gravity 

As is well known, quantum gravity leads to numerous conceptual problems, 
known as the problem of time in various guises; for a nice list, see the 
discussion in section 3 of Carlip's review [2]. That author notices that all 
these problems can be sidestepped by defining time as "the reading of a 
clock" , but dismisses this option for two reasons: 

1. A clock only measures time along its worldline. 

2. Any physical clock has a finite probability of sometimes running back- 
wards. 

These objections are evaded in QJT, in the following ways: 

1. In QJT, everything is formulated in terms of data living on the clock's 
worldline q'^{t), namely the Taylor coefficients 4>M{t)- The magic of 
analyticity makes it possible to reconstruct the non-local field data 
4>{x) from the local Taylor data (l)Mit)- In this sense, QJT only needs 
to make statements about events on the observer's trajectory. 

2. Both the Taylor data (pMit) and proper time r(t) are functions of an 
underlying c-number parameter t, which determines the causal struc- 
ture; in particular, proper time is defined by 'r^(t) = g^u/,o{t)q'^{t)q^{t), 
where g^i,fi{t) is the zero-jet of the metric. 

10.9 Conclusion 

In this paper, the major flaws in [9, 10, 11, 12] were corrected, and a history- 
oriented quantization scheme was developed, yielding perfect agreement with 
conventional canonical quantization. We then performed the passage to 
QJT. This gives the correct results for the harmonic oscillator, and inter- 
esting discrepancies (quantization of observer, reparametrization anomalies) 
for the free scalar field. 

There are several obvious directions for future research. First of all, the 
formalism must be extended to interacting theories, along the lines sketched 
in section 9. Of particular interest is to understand the relation between 
renormalization and QJT. Another long-standing open problem, first intro- 
duced in [8], is to understand the field limit. Generically, the new gauge and 
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difF anomalies in QJT(p) diverge when p — > oo, which appears inconsistent. 
As discussed in subsection 8.6 and in [8, 9], the divergent parts can be can- 
celled. This works best in four dimensions, which is encouraging, but the 
details do not seem to work out. 
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